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Web Appendix A: Proofs of Lemmas and Theorems

Proof of Lemma 1. We follow the spirit of the proof of Lemma 1 in Zhou and Zhu (2010). Let
Q1(Ag; A¢, By, g, €) denote the objective function in (5) and Q2(A, By, g, ) denote the objective
function in (7). Suppose (BO,Q, é) is the local maximizer of Q1(Ay, A¢, By, g,¢). We would like to
show that (Bo,g, é’) = (BO, A3, A—lgé’) is a local maximizer of Q2(A, By, g, ¢).

Actually, since (Bo,g,&) is a local maximizer of (5), there exists 6 > 0 such that for any
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Choose ¢ such that ﬁ < 4, then for any (8}, g', ¢') satisfying |8, — Boll1 + |lg’ — g1 +
min(Ag, 5~

I¢" — €[y < &, it holds that
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Hence,

Q2(A, 85,9, ¢") = Q1(Ag, Ac, By, 9"/ Ag, AgC)
< Q1A A» B, 9,€)
= Q2(A.B0,9.0).
Therefore, (BO,Q,&) = (BO,)\QQ, %Z’) is a local maximizer of Qa(\, By, g,¢). Similarly, we can
show the reverse.
Proposition 1 Suppose (BO,Q,&) is a local mazimizer of (7). For j =1,...,p, let ij = gjémj,
Biy = (Buj- - Bay)™ and &y = (Cijo- - Cury) T
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(a) If g; = 0, then B(j) =0,

(b) If g; # 0, then B(j) # 0 and |g;| = )‘”B(j)Hh ]é’(j)] = %, where the absolute value of
Wl

~

C(j) and B(j) are taken componentwise.

Proof of Proposition 1. Statement (a) is obvious. Similarly, if B(j) =0, then g; = 0.

For statement (b), suppose there exists j such that gy # 0 and |g;/| # )\HB(j,)Hl. Let

MBI

= Without loss of generality, we assume ¢ > 1.
J

Let g; = g; and &(j) = é’(j) for j # j" and g = 6'g; and &(j/) = %é’(j/), where 1 < ¢’ < ¢ such

that |g; — g;/| + ||&(j,) — &(j/)Hl < ¢ for some § > 0. Then, we have

. P R 1. . R N
Qa2(A, By, §,€) — Qa(A, By, §,€) = _5,|9j’| - 5/\”6(]‘/)”1 + |9j’| + )‘HC(]‘/)”I
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C

> 0.

Therefore, for any § > 0, we can find §, ¢ such that |g — g| + ||¢ — ||1 < & and Q3(\, By, g, ¢) >
QQ(A,BO,Q, é’) This contracts the fact that (Bo,g, é’) is a local maximizer.
Proof of Lemma 2. Let Q3()\,3) be the objective function in (8) and Q2(A, B3y, 9,¢) be the
objective function in (7).
First, we show that if (Bo,g, é’) is a local maximizer of Qs(A, By, g, ¢), then the vector
B = (310,511, - ,BMp)T, where ij = Qjé’mj, for j =1,...,p, is a local maximizer of Q3(\, B).
Denote A8 = ABY + AB? | where Aﬁgg = (ABYY,...,ABY)) # 0 if and only if B;, # 0;

) - st

1o >

AIBE\%) # 0 if and only if B(j) = 0. Then we have |AS|; = ||A,3(1)||1 +
1ABA]);.

First, we show that there exists ¢’ > 0 such that for any HAﬁ(l)Hl <, Qg()\,B + Aﬁ(l)) <



Q3<)\,B). By Proposition 1, we have, for j =1,...,p, |g;| = )\||[3(j)||1, |C(j)| = |[3(j)|/ )\||B(j)||1

if §; # 0 and {;, = 0, if §; = 0. Now, let

& = sgn(d;) /M8y, + 280 ).
Z 1)
By +AB,

Coy = sen(Cy)
B, + ABDI)

if g; #0 and g; = 0, é’/( =0 if g; = 0. Then, it holds that,

Qs(\, B) = Q2(\, By, 4, €),

~

Qs(\, B+ ABY) = Qa(N, By, g, ),

N

Therefore, it suffices to show QQ(/\,B:),Q/, ¢) < QQ()\,BO,Q, é’)

Since (ﬁo, g, é’) is a local maximizer of Q2(\, By, g, ), there exists § > 0 such that for any BO, g,

~
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where [ = min ||ﬁ i and &' < 1/2.
JB(;)#



Meanwhile,

166 — &yl = Bi”M% T

VAIBG + 8801 /MBI ||
< B + ABS? 3 Bu)
IMBG) + A8 \/MIBG) + ABE L |

., Bo) By

VAIBG + 8801/ MBGl [|
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where L = max ||B(j)\|1. In addition, HBE) — Bl = ||A,3(()1)H1. Therefore, by choosing a proper
7:B(;)#0

¥, we have |8y — Bolli + g’ — glli + 1€’ = ¢[l < 8. Then,
Qs(\, B+ ABY) = Qa(A, By, ¢,¢) < Qa(X By, Q) = Qs(\, B).
Next, we show that Qs3(A, B+ ABWY + Aﬁ(2)) < Qs3(A, B+ Aﬁ(l)). By mean-value theorem,

Qs(\, B+ ABY + ABP) — Q3(N, B+ ABY)
= [VUB)TAB® — 2V XY "/ IIABP,
j=1

where (3 lies in the line segment connecting B3+ ABY and B+ABY + AB?. When ||AB(2) |1 < ¢

(A.1)

is small enough, the second term in (A.1) is larger than the first term. Hence, it holds that
Qs(\. B+ A8 + ABP) < Qs(A B+ A8Y).
In conclusion, we have shown that there exists a small enough ¢’ such that if ||AB|; < ¢, then

Q3(\, B+ AB) < Qs(A, ,@), namely 3 is a local maximizer of Q3(A, B3). Similarly, we can show the

reverse.



Proof of Theorem 1. We follow the technique in the proof of Theorem 1 in Fan and Lv (2011).
Firstly we show the necessary condition. For the log-likelihood /(8) = Y7 X3 — 17b(X3), we
have

ViB)=XTY - XTu(XB) and VH(B)=-X'Z(XB)X.

By the classical Karush-Kuhn-Tucker (KKT) condition, if B = (311,312, . ,BMP)T is a local

A

maximizer of the regularized likelihood (9), there exists gradient Vp(83) and one sub-gradient

dp(B) of p(-) such that

X7y — XTp(XB) — n\Vp(B,) =0
XY - X?]H’(XB) - n)‘nap(BH) =0

X?HY - X?HIJ’(XB) - n)‘nap(BHI) =0

where
N 1 N n _ . A
VplBmg) = 35 (Bu)By 1 for Buj € By, (A2)
oo 21 1o = 5 -
. EFFIBGIT GBI for By € By, (A.3)
ap(ﬂmj)
€ (—o00, +00) for ij € B (A.4)

where BI and BU are defined in Theorem 1 and BIH = {ijlﬁm] = O,B(j) = 0}. In view of (A.4),
XTY — XT,u(XTB) = M\0p(B;;;) always holds. Hence, necessary conditions only require
(10) and (11) hold for dp(-) in (A.2) and (A.3), respectively. Moreover, since 3 is also a local
maximizer of (9) constrained on the |I|-dimensional subspace S; = {8 € RM? : B;;,;;; = 0} of
RMP where B;;,;;; denotes the subvector of 3 formed by coordinates in 17U III. By the second
order condition,

Amin( XTS(XB)X 1) > nhui(p, By),

where x(p; 3,) is given in Theorem 1.



Next, we show the sufficient condition. Firstly, we constrain @),,(8) in a |I|-dimensional sub-
space S of RMP_ Tt follows from condition (10) and (12) that 3 is the unique maximizer of Q,(3)
in a neighborhood N; C 8;. Next, we show that there exists a neighborhood N3 in a (| U I])-
dimensional space S,, such that §; C Sy € RMP and B is the unique local maximizer of @, (3)
constrained in Ss.

Take a sufficiently small L;-ball N5 in S, centered at B such that NoNS; C N;. We next show
that Q,,(8) > Qn(n,) for any n, € N3\Ni. Let m, be the projection of 1, onto the subspace S.
Then we have 1, € N7, which entails that Qn(,@) > Qn(ny) if ny # B. It then suffices to show

that Q.(n,) > Qn(n,).

By the mean-value theorem, we have

Qn(My) — Qn(ny) = [VQn(n())]T(?b — M), (A.5)

where 7, lies in the line connecting 1, and 1,. Since the coordinate of 7, —m, are zero for indices
in I and sgn(nom;) = sgn(n2.m;) where ng.,; and n7y,,; are the (m, j)th coordinate of n, and n,,

respectively. Therefore, the right hand side of (A.5) equals to

(XTAY = (X0 oy —nAn Y V(10,025

(m,j)ell
=nh Y g (o) 02mg — A Y V[0 ) 125
(m,j)ell (m,§)elT (A.6)
<nde D Lz gl = nAn D Vo([10.m5 ) 2ms]
(m.j)ell (m,j)ell

M
1 -
=nde > Lm0 gl =12 D S 0D ™ 2msl.
(

(m.g)ell mj)ell = m=1
where z,,;(1,) denotes the (m, j)th coordinate of X1,{Y — u(Xmn,)}.
By continuity of &'(-) and Vp(-) and (11), there exists § > 0 such that for any 7 in an L;-ball

in S, centered at 3 with radius 8, |z,;(n)| < %(H/é(j)Hl + 8)7Y/2. Let N3 be that ball. Therefore,
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(A.6) could be strictly bounded by

M
1, - _ 1 _
a3 GBI+ O il = xS S W) sl <0,

(m.j)ell (m.j)ell — m=1
since Yoy [Momil = Yo M0mj = Bmj + Bl < 3wy 1M0.ms = Bungl + S mesy [Bms| < 1Byl + 9,
because 7, is within the L;-ball. This shows that there exists a neighborhood of B, namely N>,
in the space of S, such that 3 constrained on S, is the unique maximizer in that neighborhood.
Applying the same projection technique, we can show that B is indeed a local maximizer in
RMP by noting the fact that 8p(ij) € (—o0, +00) for any ij € B = {BWWAW = O,B(j) = 0},
so the third KKT condition X7, Y — X%, (X 8) = M\.0p(B;;;) always holds.

Proof of Theorem 2. Let & = (&1, 612, ..+, &up)T = XTY — X7 u(6%). Consider events

Ey = {HEIHOO < +v/27'nlog n} and Ey = {anunl”oo < n'mo V2t logn},

where &; and &;; ;;; are the sub-vectors of £ with indices in I and I/ U I11, respectively.
Since y,,; € {0, 1}, by Hoeffding’s inequality,

22

P(lgmi| > 1) < 2exp(—=).

Then, it follows from Bonferroni’s inequality that

P(E\NEy) >1— > P(l&m;| = /2 'nlogn)

(m,j)el
— Y P&l = n'0y/27 ogn)
(m,j)eITUIIT

>1—2{s,n '+ (Mp— sp)e_"lizap logny,

Next, we will show that, in event £y N Es, there exists a solution to (9) that achieve the weak

oracle properties in (a) and (b).



Step 1: Ezistence of a solution to equation (10). We prove that, when n is sufficiently large,

there exists a solution to (10) in the hypercube

N ={6 R :[|6 = Billo =n77}

2_1sgn(6mj)

Let 7§ = n\,Vp(d), where 1,,,; = n\, . We have, for any (m, j) € I,

>t [9mj]
—1
|77mj| S ]\5 n)\n 1/2
(2 m=1 [0m;])
< 27n\,
— M * M *
(=t 1Bl = 2= [0ms = B D2
< 27n\,
> M N M N
(Zm:l |/ij| o %Zm:l |ﬁmj’)1/2
n\,

— \/§ZP7

because under (C2), for sufficiently large n, |B;;| > d, > n™7 > |65 — B;,;]. Clearly, \’}’%l" <
P

mj

nA,(2Md,)~1/2. Hence, it holds that

nA, _
[Er]I PSS NG < nAn(2Md,) V2. (A7)
p

Then, in event E,

1€ = Mlloe < €1lloe + Ml < V27 nlogn + nX,(2Mdy) V2.
Define

U(8) = X7T{m(X10) — p(X1B7)} — (& — m). (A8)
Note that, (10) is equivalent to W(d) = 0. For the first term in (A.8). By a second order Taylor
expansion, we obtain,

X7 {p(X10) — n(X1B7)} = X72(07)X1(6 — B7) +
where the Lagrange reminder term can be expressed as r = (1,5, (m, j) € I)7 that
1 N Y x
oy = 58— B7) R(8,0,)(8 — B7).
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where R(8,,;) = X F{diag(| X ;| © | (X 18,m;)|} X 1 and d,,,; being some vector lying on the line

segment joining  and 37. By condition (C5) and a similar argument as (43) of Fan and Lv (2011),
I7[loc = O(spn' 7). (A.9)

Let
U(8) = [XTS(0) X' W(6) =6 — B} +u, (A.10)
where u = —[XTX(0%)X ] * (&, —m — r). Then, it follows from (C2)-(C3) and the choice of A,

in (13) that

lulloo < X720 X 1] oo (€7 — Moo + [[7]l)
= O(byn"2\/log n + byAd, '? + bys,n ™)

=o(n™7).
By (A.10), for sufficiently large n, if (§ — 37)m; = n~7, we have
@i (0) =" = [lufc 20,
and if (6 — B7)m; = —n~7, we have
@,;(0) < =7+ lufl <0,

where (8 — 3),,; is the (m, j)th element of § — 3 and ¥,,;(8) is the (m, j)th element of ¥. By the
continuity of ¥(4), an application of Miranda’s existence theorem shows that equation ¥(§) = 0
has a solution 3, in N. In view of (A.10), B, is also a solution to ¥(8) = 0. Hence, we have
shown that there exits a solution 3, inside N

Step 2: Verify equation (11). Let B € RMP that 3 = (BI, 0) where BI is the solution to (10)

as shown above. Next, we prove that B satisfies (11) for the choice of A, in (13). Indeed, (11)

10



requires that
~1/2

~ 1 N
XY = XL uXB) < snda |30 Dbl |

m/:(m/,5)EI

for any (m,j) € II, where X,,; denotes the column of X corresponding to the expression of jth
gene in the mth dataset.

Since

Z |Bm’j| < Z |Bm’j_6:1’j|+|ﬂ:1’j|

m/:(m/,j)eI m/:(m/,j)€l
<2 Z |81
m’:(m’,j)el
<2L2,
it follows that,
~1/2
1 A 1
min ~ | Y Byl > :
(m.j)ell 2 i e 2v2L,
Then, it suffices to show that
IXY — XD (X < o (A1)
2V2L,
Note that,
XY - X;n(XB)
(A.12)

= XY — (X8} + X7 {n(XB") — p(XB)}.

In event B, || X7{Y — (X B%)}||o = O(n'~2»y/logn). Then, by the choice of \, as in (13),
() HIXTHY = (X8}l = o(1). (A.13)
For the second term in (A.12), by Taylor expansion,

X7 An(XB) — u(Xp)} = X7 {n(X18;) — n(X187)}

= XT{Z(0")X (8, — B))} +w,

11



where w = (wy,;, (m, j) € II)" that w,,; = %(BI — 6§)TR(5mj)(BI — 3}), in which §,,; are some
vector lying on the line segment joining 3 ; and 37. By (C5), B ; € N and a similar argument as

(43) in Fan and Lv (2011), we have
|w]|e = O(spn'~2). (A.14)

Since 3, solves ¥(§) = 0 in (A.10), we have,

~

B —Br= [X?E(O*)XI]_]L(E[ —n-r).
Therefore,

(nA) ' X T{m(X18;) — (X 187)}

< () THIX T E(07) X[ X7 2(07) X 1] oo - (167 = Ml + [I7]l00)
+ () 7wl

< (nA) T O(I€ 1 lloo + lI7llo0) + (nA) 7wl

+ () HIX T E(07) X[ X720 X 1] oo - (11,
because by (C4), | X7,2(0") X[ X72(6") X 1] | = O(1).

It follows from (13), (A.7) and (A.9) that (n\,) *O(||€;]lec + ||7]loe) = 0(1). Meanwhile, by

(13) and (A.14), (n\,) w||e = o(1). By (A.7) and (C4),
() I X T 2(0") X[ XTE(O) X 1) oo - Inlloe < (2V2Ly) 7"

Therefore, (A.11) holds. At this moment, we have shown that 3 satisfies (11).
Next, by the choice of A,, (12) holds for sufficiently large n. Therefore, by Theorem 1, we
have shown that, in event E; N E,, B is a local maximizer of (9) that ||8; — 3%l < n™7 and

J&; rrurrr = 0. This completes the proof.
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Web Appendix B: Additional Results in Data Analysis in

Section 5.2

Table B1. Correlations between CD14 and (IFNA4, STAT1, TLRS) in each study

GSE12288 GSE16561 GSE20129 GSE22255 GSE28829
CD14
IFNA4 -0.075 0.046 -0.013 0.449 -0.359
STAT1 0.339 0.062 0.044 0.055 0.507
TLRS 0.602 0.437 0.077 0.686 0.818

Table B2. Correlations between selections by meta lasso and separate lasso in GSE16561 and GSE28829
GSE16561

CD14 CD86 CHUK MAPK11 MAPK14 PIK3CG PIK3R1 RAC1 STAT1 TLR2
STAT1 0.062 0.266 0.171 0.018 0.297 0.139 0.181 0.103 1.000  0.169
TLR8  0.437 0.185 0.674 0.118 0.679 0.017 0.161 0.481 0.251 0.741
TLR7 TLRS TNF TRAF3
STAT1 0.306 0.251 -0.014 -0.081

TLR8  0.238 1.000 -0.113 -0.004

GSE28829

CD14 IFNAR2 IRF5 MAPK9

IFNA4 -0.359  -0.112 0.297 -0.208

STAT1 0.507 0.547 0.058 -0.169

TLR8  0.818 0.619 0.343 -0.583
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Table B3. Gene selections of eight methods in four cardiovascular studies (excluding GSE20129)

Selections by meta lasso and separate lasso in each dataset

Datasets meta lasso separate lasso
GSE12288 | CD40 CD86 CHUK IFNA2 IFNA21 IFNA4 IFNAS8 | none
IFNB1 IRF5 JUN LBP MAPK13 MAPK14 STAT1 TLR2
TLR7 TNF
GSE16561 | CD14 CHUK JUN LBP MAPKI11 PIK3CG PIK3R1 | CD14 CD8 CHUK MAPKI11 MAPK14
TLR7 TLRS PIK3CG PIK3R1 RAC1 STAT1 TLR2 TLR7
TLR8 TNF TRAF3
GSE22255 | IFNA2 JUN LBP MAPK14 PIK3R1 TLRS none
GSE28829 | CD14 IFNAR2 IRF5 PIK3CG CD14 IFNAR2 IRF5 MAPK9
Selections by other methods in all datasets
Method Gene list
stack lasso | none

group lasso

AW

Fisher

FEM

REM

CD86 FOS IFNAR2 MAPK14 MAPK9 PIK3CA STAT1 TLR2 TLR7 TLR8 TNF

AKT1 AKT3 CASP8 CCL5 CD14 CD40 CD80 CD86 CHUK FOS IFNAR1 IFNAR2 IKBKE IL1B

IL8 IRAK1 IRF5 IRF7 JUN LBP LY9 MAP2K4 MAP3K7 MAP3K8 MAPK1 MAPK11 MAPK13

MAPK14 MAPK9 MYD88 PIK3CA PIK3CD PIK3CG PIK3R1 PIK3R5 RAC1 SPP1 STAT1 TBK1

TLR1 TLR2 TLR4 TLR5 TLR6 TLR7 TLR8 TNF TRAF3 TRAF6

AKT1 AKT3 CASP8 CCL5 CD14 CD40 CD80 CD86 CHUK FOS IFNAR1 IFNAR2 IKBKE IL1B

IL8 IRAK1 IRF5 IRF7 JUN LBP LY9% MAP2K3 MAP2K4 MAP3K7 MAP3K8 MAPK1 MAPKI11

MAPK13 MAPK14 MAPK9 MYDS88 PIK3CA PIK3CD PIK3CG PIK3R1 PIK3R5 RAC1 SPP1 STAT1

TBK1 TLR1 TLR2 TLR4 TLR5 TLR6 TLR7 TLRS8 TNF TRAF3

AKT1 CD86 IFNA4 LBP MAP3K7 MAP3K8 MYD88 NFKB2 STAT1 TLR2 TLR4 TLR5 TLR7 TLR8

none
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