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A B S T R A C T  

Modern biomedical d atas e ts ar e incr easingly hi gh-dime nsional a nd exhibit c omplex c orr ela tion structur es. Gener aliz e d linear mixe d models 
( GLMMs ) h av e long be e n e mplo yed to account for such depe nde ncies . How ev e r, prope r spec i fication of the fixed a nd ra ndom effects in GLMMs 
is increasingly d iffic ult in high d imen sion s, and c omputation al c omplexity gr ows with incr easing dime nsion of the ra ndom effe cts . We prese n t a 
novel r eformula tion of the GLMM using a factor model de c omposition of the random effe cts, en ab ling s cal ab le computation of GLMMs in high 

dimen sion s by reducing the late n t space from a large number of random effects to a smaller s e t of l at ent fact ors. We also ext end our prior work 
t o estimat e model pa ra mete r s using a mod ified Mon te Ca rlo Expectat ion Condit ional Minimizat ion algorithm, allowing us to perform v ari ab le 
selection on both the fixed a nd ra ndom effects sim ulta neously. We show through simulation that through this factor model de c omposition, our 
method can fit high-dimension al pen alize d GLMMs fas te r tha n compa rab le me thods and more easily scale to la rge r dime n sion s not previously 
seen in existing approaches. 

KEY W OR DS : factor model de c omposition; ge ne r aliz e d linear mixe d models; v ari ab le s election. 
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1 I N T R O D U C T I O N 

odern biomedical d atas e ts ar e incr easingly hi gh-dime nsional
nd exhibit complex corr ela tion structur es. Ge ne r aliz ed Lin-
 ar M ixed Model s ( GLM Ms ) h av e long been employed to ac-
 ount for s uch depe nde ncies . How ev e r, prope r spec i fication of
he fixed a nd ra ndom effects is a critical step in est imat ion of

LMMs. For ins ta nce, omitting importa n t ra ndom effects ca n
ead to bias in the estim ate d v ari ance of the fixed effects ( Gurka
t al., 2011 ; Bondell et al., 2010 ) , whereas including unne c essary
andom effe cts c ould increase the c omputation al d iffic ulty of fit-
ing the GLMM. Despite the importance of properly spec i fying
he s e t of fixed a nd ra ndom effe cts in s uch model s, it i s often un-
nown a pr ior i which v ari ab les should be spec i fied as fixed or
andom in the model , part ic ularly in high-d imen sional s e ttings
n which the fea tur e space of both the fixed and random effects
s ge ne rally ass ume d to be sparse. 

The re a re seve ral exis ting me thods us ed to s ele ct fixe d and/or
andom effects within mixed models. One such cl as s of me th-
ds ar e wha t we te rm he re as ca ndid ate model s election . In thes e
e thods, res ea rche rs ma n ually spec i fy a s e t of candid ate mod-

l s, use exi s ting softwa re such as R packages lme4 ( Bates et al.,
015 ) or MCMCglmm ( Hadfield, 2010 ) to fit the candidate
e c eiv e d: April 30, 2023; Revised: Nove mbe r 22, 2023; Accepted: February 16, 2024 
The Author ( s ) 2024. P ublished b y Oxford Unive rsity Pre ss on be half of The In te

ourn als .permis sion s@oup.com 
odels, a nd the n se lect the be s t one using a ppr opria te mixed
ffects model selection cr iter ia such as the BIC-ICQ cr iter ion
 Ibrahim et al., 2011 ) , the hybrid Bayesian information criterion
ICh ( Dela t tr e et al., 2014 ) , or fence me thods ( Ji ang, 2014 ) .
ow ev e r, ca ndid ate model s election approaches are not feasible

or moderate or l arge dimen sion s as ther e ar e 2 

2 p pos sib le com-
inations of fixed and random effects for p pred ictor s of in te res t.
Pen alize d li keli hood te chniques, s uch as LASSO, h av e be en ex-

anded to apply to mixed models. Howeve r, mos t of these ex-
s ting a pproaches h av e limitations in their appl icabil ity. Some

e thods only s ele ct fixe d effe cts, s uch as the R packages
lmmLas s o ( Gro ll a nd Tutz, 2014 ) a nd glmmixedLAS SO
 Schelldorfer et al., 2014 ) , or only select random effects ( Pan
 nd Hua ng, 2014 ) . Othe r me thods that do s ele ct both fixe d and
andom effects are generally limited in their s cal ability due to
heir c omputation al burden in high dimen sion s. Examp les in-
lude the ada ptive LAS SO method proposed by Ibrahim et al.
 2011 ) , which utilizes a c omputation ally in te nsiv e expe ctation
tep in their Monte Carlo Expecta tion Minimiza tion ( MCEM )
l gorithm, a nd the regula rized PQL me thod propos ed by Hui
t al. ( 2017 ) , which has prohibit ive init ializat ion require me n ts
n hi gh dime n sion s and r equir es the calcula tion of a n inve rse
 rn ation al Biome tric Socie ty. All ri gh ts rese rv e d. For permis sion s, p leas e e-mail: 
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matrix with dimen sion s equal to the random effects remaining
in the model. 

Rashid et al. ( 2020 ) dev elope d a penalization method that
sele cts both fixe d a nd ra ndom effects in la rge r dime nsions not
seen in previous approaches. The method dev elope d by Rashid
et al. ( 2020 ) , which uses a Monte Carlo Expectation Conditional
M inimization ( MC ECM ) alg orithm, w as app lied to simul ation s
and a case study c omprise d of 50 cov ari ates and h as sinc e be en
inc orporate d into the glmmPen R package ( Heiling et al., 2024 ) .
Although this glmmPen framework extends the feasible dimen-
sionality of performing v ari ab le s election within GLMMs rela-
tive to existing methods, new methodology is ne e de d to allevi-
ate the c omputation al burden as the dimen sion increas es even
further. 

We prese n t a novel reform ulation of the GLMM, which we
call glmmPen_FA, using a factor model de c omposition of the
random effe cts . Thi s factor model i s us ed as a dimen sion reduc-
tion tool to r epr ese n t a large number of latent random effects
as a function of a smaller s e t of l ate n t factors. By reducing the
late n t space of the random effects, this new model formulation
enables us t o ext end the feasible d imensional ity of performing
v ari ab le s election in GLMMs to hundreds of pred ictor s. We es-
timate model pa ra mete rs a nd pe rform sim ulta ne ous sele ction of
fixed a nd ra ndom effects using a n MCECM al gorithm. We show
thr ough simula tions tha t thr ou gh this factor mode l de c omposi-
tion, our method can fit hi gh-dime nsional pe naliz ed GLMM s
( pGLMMs ) fas te r tha n compa rab le me thods and more easily
scale to la rge r dime nsions not previously seen in existing ap-
proaches. 

We i l lustrate the uti lity of our method b y a pp lying our me thod
to a case study that we prese n t in Section 4 . The case study data
combine s gene expre s sion d a ta fr om pancr ea tic ductal adeno-
car dinoma pa tients acr oss 5 separate studies. We aim to select
importa n t fea tur es tha t pr edict the pancr ea tic canc er s ubtypes
bas al or cl as sical ( Moffitt e t al., 2015 ) ( ie, ide n tify nonze ro fixed
effe cts ) as w ell as ide n tify fea tur es tha t have varied effects across
the groups ( ie, ide n tify nonze ro ra ndom effects ) . Due to the
la rge n umbe r of fea tur es tha t w e c onsider, it is d iffic ult to h av e
a pr ior i kno wledg e of which fe a tur es h av e nonzero fixe d or ran-
dom effe cts . Ther efor e, we wi l l us e our me thod to fit a pen alize d
log i stic mixed effects model to select importa n t fixed and ran-
dom effe cts . 

The re mainde r of this pa pe r is orga nize d as follows: Se ction 2
revie ws the st at ist ical models and algorithm used to estimate
pGLMMs in our new factor model de c omposition framew ork,
te rmed glmmPe n_FA. In Section 3 , sim ul ation s are c onducte d
to as s es s the pe rforma nce of the new glmmPen_FA method. Sec-
tion 4 de scribe s the motivating case s tudy, whe re we aim to uti-
lize our method to ide n tify ge ne expr ession fea tur e s import a n t
in the prediction of pancreatic ca nce r subtypes. We close the ar-
ticle with some d isc ussion in Section 5 . 

2 M ET H O D S  

2.1 Mode l fo rm ulatio n 

In this se ction, w e review the notation and model formulation
of our approach. We consider the case where we wa n t to a nalyze
da ta fr om K indepe nde n t groups of o bs erv ation s. For each group 

k = 1 , ..., K, the re a re n k o bs erv ation s for a total s amp le size of
N = 

∑ K 
k=1 n k . For group k, let y k = (y k1 , ..., y kn k ) T be the v e c-

tor of n k indepe nde n t respon s es, x ki = (x ki, 1 , ..., x ki,p ) T be the 
p-dimension al v e ctor of pre d ictor s, and X k = ( x k1 , ..., x kn k ) T . 
For simplification of notation, we wi l l s e t n 1 = ... = n K = n 

without loss of ge ne r ality. In GLMM s, w e ass ume th at the c on-
d itional d istribution of y k given X k belongs to the exponential 
fa mily a nd has the following de nsity: 

f ( y k | X k , αk ; θ ) = 

n ∏ 

i =1 

c (y ki ) exp [ τ−1 { y ki ηki − b(ηki ) } ] , ( 1 ) 

where c (y ki ) is a constant that only depends on y ki , τ is the dis- 
pe rsion pa ra mete r, b(·) is a known link function, ηki is the lin- 
ear predictor, αk are group-spec i fic late n t va riables, a nd θ r epr e- 
se n ts all model coefficie n ts ( see more det ailed de scriptions later 
in this section ) . We s ta nda rdize the fixed effects cov ari ate s ma - 
trix X = ( X 

T 
1 , ..., X 

T 
K ) 

T s uch th at ∑ K 
k=1 

∑ n k 
i =1 x ki, j = 0 and N 

−1 ∑ K 
k=1 

∑ n k 
i =1 x 

2 
ki, j = 1 for j = 

1 , ..., p. 
As outlined in Rashid et al . ( 2020 ) , the tradit ional GLMM for- 

mulation of the linear predictor can be r epr ese n ted as: 

ηki = x 

T 
ki β + z T ki γk = x 

T 
ki β + z T ki �δk , ( 2 ) 

where β = (β1 , ..., βp ) T is a p-dimension al v e ctor for the 
fixe d effe cts c oefficie n ts ( including the in te rcept ) , z ki is a q - 
dimension al s ubv e ctor of x ki r epr ese n ting the ra ndom effect pre- 
d ictor s ( includ ing the random intercept ) , � is the Cholesky de- 
composition of the random effects cov ari anc e m atrix � s uch th at 
��T = �, and γk = �δk is a q -dimensional vector of uno bs erv- 
able random effects for group k where δk ∼ N q (0 , I) . 

In its curre n t r epr ese n tation, the model assumes a late n t space 
of dimension q , the number of random effe ct pre d ictor s. When 

q is large, the est imat ion of the cov ari anc e m atrix � = Var ( γk ) 
can be c omputation ally burden s ome to compute due to both the 
n umbe r of pa ra mete rs ne e de d to estim ate this m atrix ( q (q +
1) / 2 pa ra mete rs a re ne e de d for a n uns tructure d c ov ari ance
m atrix ) as w ell as the ne e d to approxim ate a q -dimensional in- 
te gral ( se e Se ction 2.3 for details ) . Prior work such as Fan et al. 
( 2013 ) a nd Tra n et al. ( 2020 ) h av e ass ume d a factor model 
structur e in or der to estimate high-dimension al c ova ria nc e m a- 
trices in other s e ttings, such as the est imat ion of s amp le cov a ri -
anc e m atric e s for time serie s dat a a nd the cova ria nc e m atrix in
v ari a tional infer enc e use d to approxim ate the pos te rior dis tri -
but ion, respect ively. He re, we in troduce a novel formulation of 
the GLMM where we decompose the random effects γk into a 
factor model with r late n t common factors ( r � q ) such that 
γk = B αk , where B is the q × r loa din g matrix and αk r epr ese n ts 
the r late n t c ommon factors . We ass ume the late n t factors αk are 
uncorr ela ted and follow a N r ( 0 , I ) distr ibution. We re-wr ite the 
l inear pred ictor as: 

ηki = x 

T 
ki β + z T ki B αk . ( 3 ) 

In this r epr ese n tation, the ra ndom compone n t of the linea r pre- 
dictor has v ari ance Var ( B αk ) = BB 

T = �. By assuming that � is 
low rank, we also reduce the dimension of the late n t space from 

q to r, which re duc es the dimension of the integral in the l ikel i- 
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ood a nd the reb y re duc es the c omputation al c omplexity of the
xpect ation ste p ( E-ste p ) in the EM al gorithm. Furthe r details
 re give n in Section 2.3 . 
In order to estimate B , let b t ∈ R 

r be the t-th row of B and b =
( b 

T 
1 , ..., b 

T 
q ) 

T . We can then repar ameteriz e the linear predictor
s: 

ηki = x 

T 
ki β + z T ki B αk = 

(
x 

T 
ki ( αk ⊗ z ki ) T J 

)(
β

b 

)
( 4 ) 

n a ma nne r simila r to Che n a nd Dun s on ( 2003 ) and Ibrahim
t al. ( 2011 ) , where J is a matrix that tran sform s b to vec ( B ) such
h at v e c ( B ) = J b a nd J is of dime nsion (qr) × (qr) . The v e ctor
f pa ra mete rs θ = ( βT , b 

T , τ ) T a re the main pa ra mete rs of in-
e res t. We de note the true value of θ as θ∗ = ( β∗T , b 

∗T , τ ∗) T =
rgmin θE θ[ −� ( θ)] where � ( θ) is the o bs erv e d log -l ikel ihood
cross all K groups such that � ( θ) = 

∑ K 
k=1 � k ( θ) , where

 k ( θ) = ( 1 /n ) log 
∫ 

f ( y k | X k , αk ; θ) φ( αk ) d αk . 
Our main in te res t lies in selecting the true nonzero fixed

 nd ra ndom effe cts . In other w ords, w e aim to ide n tify the s e t
 = S 1 ∪ S 2 = { j : β∗

j � = 0 } ∪ { t : || b 

∗
t || 2 � = 0 } , where S 1 and

 2 r epr ese n t the true fixed a nd ra ndom effe cts, respe ctiv ely.
hen b t = 0 , this indica tes tha t the effect of cov ari ate t is fixed

cross the K groups ( ie, the corresponding t-th row and column
f � is s e t to 0 ) . 
We aim to s o lve the following penalized l ikel ihood pro b lem: 

̂ θ = argmin θ − � ( θ) + λ0 

p ∑ 

j=1 

ρ0 
(
β j 

)

+ λ1 

q ∑ 

t=1 

ρ1 ( || b t || 2 ) , ( 5 ) 

here � ( θ) is the o bs erv e d log -l ikel ihood for all K groups
efined ea rlie r, ρ0 (t ) a nd ρ1 (t ) a re ge ne ral folded -concave
e nalty functions, a nd λ0 a nd λ1 a re positive tuning pa ra me-

ers. The ρ0 (t ) penalty functions could include the L 1 penalty
 aka the Least Abs o lute Shrinkage and Selection Operator
 LAS SO ) pe n alty ) , the Minim ax Concav e Pen alty ( MCP ) , and
he Smoothly Clipped Abs o lute Devi ation ( SCAD ) penalty
 Frie dm an et al., 2010 ; B reheny and Huang, 2011 ) . For the
1 (t ) pen alty, w e tr ea t the ele me n ts of b t as a group and pe-
alize them in a groupwise ma nne r using the group LASSO,
roup MCP, or group SCAD penalties prese n ted b y Brehe ny a nd
uang ( 2015 ) ) . These groups of b t are then estim ate d to be ei-

her all zero or all nonzero. In this way, we select cov ari at es t o
 av e varying effects ( ̂ b t � = 0 ) or fixed effects ( ̂ b t = 0 ) across the
groups. 

2.2 MCECM alg o rithm 

e s o lve ( 5 ) for s ome spec i fic penalty combination (λ0 , λ1 ) us-
ng a MCECM algorithm ( Garcia et al., 2010 ) . 

In the s th iteration of the MC ECM alg orithm, we aim to eval-
ate the expectation of ( E-step ) and minimize ( M-step ) the fol-
owing pen alize d Q-function: 

Q λ( θ| θ(s ) ) = 

K ∑ 

k=1 

E 

{ 

− log ( f ( y k , X k , αk ; θ| d o ; θ(s ) )) 
} 

+ λ0 

p ∑ 

j=1 

ρ0 
(
β j 

) + λ1 

q ∑ 

t=1 

ρ1 ( || b t || 2 ) 

= Q 1 ( θ| θ(s ) ) + Q 2 ( θ(s ) ) + λ0 

p ∑ 

j=1 

ρ0 
(
β j 

)

+ λ1 

q ∑ 

t=1 

ρ1 ( || b t || 2 ) , ( 6 )

here ( y k , X k , αk ) gives the comp le te d a ta for gr oup k, d k,o =
( y k , X k ) gives the o bs erved d a ta for gr oup k, d o r epr ese n ts the
 n tirety of the observ e d data, and 

Q 1 ( θ| θ(s ) ) = −
K ∑ 

k=1 

∫ 
log [ f ( y k | X k , αk ; θ)] φ( αk | d k,o ; θ(s ) ) d αk , ( 7 )

Q 2 ( θ(s ) ) = −
K ∑ 

k=1 

∫ 

log [ φ( αk )] φ( αk | d k,o ; θ(s ) ) d αk . ( 8 )

2.2.1 Mont e-Carlo E-s t ep 

he E-step of the algorithm aims to appr oxima te the r-
dime nsional in tegral expres s ed in ( 7 ) . The integrals in the Q-
function do not h av e close d forms when f ( y k | X k , α

(s,m ) 
k ; θ) is

ss ume d to be non-Gaussia n. We a ppr oxima t e these int egrals us-
n g a Marko v Chain Mon te Ca rlo ( MCMC ) s amp le of size M
rom the pos te rior de n sity φ( αk | d k,o ; θ(s ) ) . Le t α(s,m ) 

k be the m 

th 

im ulated r-dime nsion al v e ctor from the pos te rior of the late n t
ommon factors, m = 1 , ..., M, at the s th iteration of the algo-
ithm for group k. The integral in ( 7 ) can be appr oxima ted as: 

Q 1 ( θ| θ(s ) ) ≈ − 1 

M 

M ∑ 

m =1 

K ∑ 

k=1 

log f ( y k | X k , α
(s,m ) 
k ; θ) . ( 9 )

e use the fast and efficient No-U -Turn Hamilt onian Mont e
arlo ( NUTS HMC ) s amp ling proc e dure from the Stan soft-
a re ( Ca rpe n te r et al. 2017 ) in order to perform the E-step effi-

ie n tly. 

2.2.2 M-s t ep 

n the M-step of the algorithm, we aim to minimize 

Q 1 ,λ( θ| θ(s ) ) = Q 1 ( θ| θ(s ) ) + λ0 

p ∑ 

j=1 

ρ0 
(
β j 

)

+ λ1 

q ∑ 

t=1 

ρ1 ( || b t || 2 ) , ( 10 )

ith respect to θ = ( βT , b 

T , τ ) T . We do this by using a
ajori zation-Minimi zation algorithm with penalties applied to

he fixed effects and the rows of B . The M-step of the s th iteration
f the MC ECM alg orithm proc e e ds as describe d in Algorithm 1
iven in Web Appendix Section 1.1 . 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae016#supplementary-data
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2.2.3 MCECM alg or ithm 

Algorithm 2 in Web Appendix Section 1.1 de scribe s the full
MC ECM alg orithm for est imat ing the parameters with a partic-
ula r pe n alty c ombin ation (λ0 , λ1 ) . The proce ss of mode l se lec -
tion and finding optimal tuning pa ra mete rs a re described in full
in the Web Appendix ( se e Se ctions 1.2 and 1.3 ) . B riefly, w e iden-
tify a maximum penalty that penalizes all fixed effects to zero us-
ing techniques from the ncvreg R package ( Brehe ny a nd Hua ng,
2011 ) . We calculate a se quenc e of pen alties from a small pro-
portion of the m ax pen alty ( the minimum pen alty ) to the m ax
pen alty th a t ar e equidistant on the log scale, a nd a pply this se-
quence to both the fixed a nd ra ndom effects in a two-stage model
s election approach . For further de tails on initi alization and con-
ve rge nce, see Web Appendix Section 1.4. 

2.3 Adv ant ages of glmmPen_FA model formulation 

The re a re seve ral adva n t age s t o our proposed fact or model de-
composition of the random effe cts . By r epr ese n ting the ra ndom
effects with a factor model, we reduce the late n t space from a
hi gh dime nsion of q ( the n umbe r of ca ndidate ra ndom effect
pred ictor s ) to r. In the more traditional GLMM model formu-
lation, Q 1 ( θ| θ(s ) ) would be re pre se n ted as: 

Q 1 ( θ| θ(s ) ) = −
K ∑ 

k=1 

∫ 
log [ f ( y k | X k , δk ; θ)] φ( δk | d k,o ; θ(s ) ) d δk , ( 11 )

where θ includes the fixed effects β, the nonze ro ele me n ts of �
given in ( 2 ) , and τ , and the δk are q -dimensional late n t va riables.
How ev e r, b y using the nove l mode l formulation given in ( 3 ) ,
this changes the integral of interest such that now Q 1 ( θ| θ(s ) ) ex-
pres s ed in ( 7 ) is of dimension r � q . This si gnifica n tly re duc es
the c omputation al c omplexity of estim ating this integral in the
E-step of the algorithm since we only have to estimate a late n t
space of dimen sion r. Con s eque n tly, this reduces the comput a -
t ional t ime. Thi s al s o enab les us to s cale our me thod to hundreds
of pred ictor s since the practical dimension of the late n t space wi l l
be much smaller than the total number of candidate random ef-
fe cts pre d ictor s . Se e Web Appendix Se ction 1.6 for further dis-
cussion about the values of p, q , and r used in this pa pe r. 

Furthermor e, this pr opos ed formul ation allows for more com-
p lex correl ation structures in hi ghe r dime n sion s. In Rashid e t al.
( 2020 ) , the authors appr oxima ted the random effect cov ari ance
matrix � as a diagonal matrix when the dimen sion s are l arge as
re c ommende d by Fan and Li ( 2012 ) . This appr oxima tion r e-
duc e d the c omputation al c omplexity of the algorithm and there-
for e incr ease d the spe e d of the model fit. How ev er, in our new
formulation, we do not need to assume � is a diagonal matrix
when the dimension is high. 

2.4 Est imat ion of the number of latent factors 
Performing our proposed glmmPen_FA method r equir es speci-
fying the n umbe r of late n t factors r. Since r is typically unknown
a pr ior i , this value ne e ds to be estim ate d . We est ima te r a t the very
beginning of the al gorithm, a nd the n use this es tim ate d value in
all later model est imat ions during the variable selection proce-
dure. 

There h av e be en sev eral propose d methods of est imat ing r for
the appr oxima t e fact or model. We tried the Ei ge nvalue Ratio
method and Growth Ratio ( GR ) method dev elope d by Ahn and
Hore ns tein ( 2013 ) as well as the method proposed in Bai and Ng 
( 2002 ) . We found that the GR method gave the most accurate 
e stimate s of r within our app lication . Ther efor e, in this section, 
we wi l l des cribe how we imp le me n t the GR method to es timate
r. The GR method is used in all of our n ume rical works. 

To apply the GR method to our problem, we need a q × K
matrix of o bs e rved ra ndom effe cts . Sinc e w e can nev er o bs erve
the random effe cts, w e in stead calcul ate ps eudo random effects 
b y firs t fitting a pe n alize d ge ne ral ized l inear mode l with a s mall
penalty to each group se parate ly. We then t ake the se group- 
spec i fic e stimate s a nd ce n te r the m so tha t all fea tur es h av e a
mean of 0. Let these q -dimensional group-spec i fic e stimate s be 
denoted as ˆ γk for each group k = 1 , ..., K. We then define G = 

( ̂  γ1 , ..., ̂  γK 

) as the final q × K matrix of pseudo random effects. 
Let ψ j (A ) be the j-th la rges t ei ge nvalue of the positive 

se midefinite matrix A , a nd let ˜ μqK , j ≡ ψ j ( G G 

T / (qK)) = 

ψ j ( G 

T G / (qK)) . 
To find the GR estim ator, w e first order the eigenvalues of 

G G 

T / (qK) from la rges t to smalles t. The n, we calculate the fol- 
lowing ratios: 

GR( j) ≡ log [ V ( j − 1) /V ( j)] 
log [ V ( j ) /V ( j + 1)] 

= 

log ( 1 + 

˜ μ∗
qK , j ) 

log ( 1 + 

˜ μ∗
qK , j+1 ) 

, 

( 12 ) 
for j = 1 , 2 , ..., U , where V ( j) = 

∑ min (q,K) 
l= j+1 ˜ μqK ,l , ˜ μ∗

qK , j = 

˜ μqK , j /V ( j) , and U is a pre-define d c ons ta n t. The n, we es timate
r by ̂ r GR = max 1 ≤ j≤U 

GR( j) . ( 13 ) 

3 S I M U L AT I O N S  : VA R I A B L  E  S  E L  E C T I O N I N 

B I N O M I A L  DATA  W I T H  1 0 0 P R E D I C TO R S  

We examine the v ari ab le s ele ction perform anc e of the glmm- 
Pe n_FA al gorithm in high dimen sion s of p = 100 total predic- 
tors unde r seve ral diffe re n t conditions of the underlying data. In 

all of these simulations, we use a pr escr ee ning s t ep t o remove 
some random effects at the start of the algorithm in order to help 

improv e the spe e d of the algorithm ( se e Web Appendix Se cti 
on 1.2 for details ) , the BIC-ICQ ( Ibrahim et al., 2011 ) cr iter ion 

for tuning pa ra mete r selection, the MCP pe nalty ( MCP pe nalty 
for the fixed effects, group MCP penalty for the rows of the B 

matrix ) , and the a bbre viate d tw o-stag e grid se arch as described 

in the Web Appendix Section 1.2 using the penalty sequences 
described in Web Appendix Section 1.3 . In order to determine 
the ro bustnes s of our v ari ab le s ele ction proc e dure base d on the
ass ume d value of r, we fit models in one of 2 ways: we estimated 

the n umbe r of common fa ctors r usin g the GR est imat ion proce- 
dure d isc ussed in Section 2.4 , or we input the true value of r for 
the algorithm to use. All simulat ion condit ions used 100 repli- 
cates. 

We simulated binary respon s es from a log i stic mixed effects 
model with p = 100 pred ictor s. O f p total pred ictor s, we as- 
s ume th a t the first 10 pr ed ictor s have truly nonzero fixed and ran- 
dom effects, and the other p − 10 pred ictor s have zero-valued 

fixed and random effe cts . We spe c i fied a full model as input for 
the algorithm such that the ca ndidate ra ndom effe ct pre d ictor s 
e qualle d the candidate fixed effect pred ictor s ( ie, assumed q = 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae016#supplementary-data
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TABLE 1 Vari ab le s e lection re sults for the p = 100 log i stic mixed effects simul ation s, including TP pe rce n t age s for fixed and random effects, FP 

pe rce n t age s for fixed and random effects, the median time in hours for the algorithm to comp le te ( T 

med ) , and the average of the mean abs o lute 
deviat ion ( A bs . D ev. ( Mean ) ) betw e en the fixe d effe ct c oefficient estim ates ˆ β and the true β values across all simulation re plicate s. Column B 

de scribe s the ge ne r al siz e of both the v ari ances and eigenvalues of the resulting � = BB 

T random effects cov ari anc e m a trix ( modera te vs large ) . 
Column “r Es t.” refe rs to the method used to spec i fy r in the algorithm: the GR estimate or the true value of r. Column || D || F r epr ese n ts the 
ave rage across sim ula tion r eplica tes of the Frobenius norm of the diffe re nc e ( D ) betw e e n the es tim ate d random effe cts c ov ari anc e m atrix ˆ � and 

the true random effe cts c ov ari anc e m a trix �; the Fr o benius norm w as s ta nda rdized b y the n umbe r of true ra ndom effe cts sele cte d in the model. 

True r β B r Est. 
TP % 

Fixef FP % Fixef 
TP % 

Ranef 
FP % 

Ranef T 

med 
Abs. Dev. 
( Mean ) || D || F 

3 1 Mod. GR 98.50 2.00 97.20 0.22 2.05 0.26 0.93 
True 99.00 2.14 98.40 0.16 2.36 0.26 0.93 

Large GR 95.50 2.19 98.60 0.18 2.52 0.33 1.94 
True 95.50 2.31 98.90 0.17 2.42 0.33 1.96 

2 Mod. GR 100.00 2.46 89.00 0.53 1.45 0.37 0.89 
True 100.00 2.78 90.10 0.50 2.07 0.31 0.92 

Large GR 100.00 3.39 94.60 0.80 2.39 0.43 1.78 
True 100.00 3.40 96.20 0.49 2.41 0.41 1.60 

5 1 Mod. GR 96.80 2.02 96.20 0.04 3.56 0.35 1.54 
True 96.70 1.86 96.80 0.03 3.60 0.35 1.59 

Large GR 90.40 2.22 96.80 0.08 4.39 0.44 2.73 
True 90.50 1.97 96.90 0.07 4.44 0.44 2.83 

2 Mod. GR 100.00 2.11 89.00 0.18 2.29 0.52 1.22 
True 100.00 2.42 88.40 0.24 2.99 0.44 1.33 

Large GR 99.90 3.28 93.10 0.50 3.03 0.57 2.26 
True 99.90 3.36 93.40 0.47 3.98 0.55 2.29 
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p) , and our aim was to select the set of true pred ictor s and ran-
om effe cts . 
We s e t the s amp le size to N = 2500 a nd n umbe r of groups

o K = 25 , with an equal number of s ubje cts per group. We s e t
p the random effe cts c ov ari anc e m atrix by spe c i fying a B ma-

rix with dimen sion s (p + 1) × r, where p + 1 r epr ese n ts the p
red ictor s plus the ra ndom in te rcept, a nd r r epr ese n ts the num-
e r of late n t c ommon factors with r = { 3 , 5 } . Elev en of these

p + 1 r ows—corr esponding to the true 10 pred ictor s plus the
n te rc ept—h ad nonze ro ele me n ts, while the re maining p − 10
 ows wer e s e t to zero. For each value of r, w e c onsidere d B m a-
ric es th a t pr oduc e d c ov ari anc e m atric es � = B B 

T with mod-
 rate va ria nces a nd ei ge nvalues a nd la rge va ria nces a nd ei ge nval -
es ( se e Web Appendix Se ction 2.1 for further det ails ) . The se
 m atric es ar e r eferr ed to as the “moderate” and “large” B ma-

rice s, re spective ly. We use both moderate pre dictor effe cts and
tr ong pr e dictor effe cts, where all 10 of the true fixe d effe cts h av e
oefficie n t values of 1 or 2, respe ctiv ely. 
For group k, we ge ne rate d the bin ary respon s e y ki , i =
 , ..., n k such that y ki ∼ Bernoulli (p ki ) where p ki = P (y ki =
 | x ki , z ki , γk , θ) = exp ( x 

T 
ki β + z T ki γk ) / { 1 + exp ( x 

T 
ki β + 

 

T 
ki γk ) } , and γk ∼ N 11 (0 , B B 

T ) . Each condition was evalu-
ted using 100 total simulated d atas e ts. 
For individual i in group k, the v e ctor of pre dictors for the fixed

ffects was x ki = (1 , x ki, 1 , ..., x ki,p ) T , and we s e t the random ef-
ects z ki = x ki , where x ki, j ∼ N(0 , 1) for j = 1 , ..., p, and each
 j was s ta nda rdized as described in Section 2.1 . 
The results for thes e simul ation s are prese n ted in Tables 1 and
 . Table 1 provides the average true positive ( TP ) rates ( pe rce n t
f true pred ictor s s elected ) and fals e positive ( FP ) rates ( pe rce n t
f false pred ictor s sele cte d ) for both the fixed and random ef-

ects v ari ab le s election, the medi an time in hours to comp le te the
 ari ab le s ele ction proc e dure, the av erage of the mean abs o lute
evi ation be tw e en the fixe d effe ct c oefficie n t es timates a nd the

rue coefficie n ts across all simula tion r eplica tes, a nd the ave rage
f the Frobenius norm of the diffe re nc e betw e en the estim ate d
andom effect cov ari anc e m atrix ˆ � = 

ˆ B ̂

 B 

T and the true covari-
nc e m a trix � = BB 

T ( the Fr o benius norm w as s ta nda rdized b y
he n umbe r of true ra ndom effe cts sele cte d in the be st mode l ) .
able 2 gives the GR r est imat ion proc e dure res ults, including

he average estimate of r and the proportion of times that the
R estimate of r was under estima ted, corr ect, or over estima ted.
ll simul ation s w ere c omp le te d on a Longleaf c omputing clus te r
 CPU Intel proces s ors be tw e e n 2.3Ghz a nd 2.5GHz ) . 
We see from Table 1 that the glmmPen_FA method is able to

ccurate ly se lect both the fixed and random effects across a va ri -
ty of conditions, which is s upporte d by the TPs generally being
bove 90% for both the fixed and random effects and the FPs
e ne ral ly being smal l: across al l c onditions, less th an 3.5% for
xe d effe cts and less th a n 1% for ra ndom effe cts . 
We can see from Table 2 that the GR est imat ion proc e dure ap-

lied to the pseudo random effect estim ates describe d in Sec-
ion 2.4 has varying levels of a ccura cy dependin g on the struc-
ure of the unde rlying data. Ge ne rally, the GR es t imat ion pro-
 e dure be c omes more ac curate as the ei ge nv alues of the cov a ri -
nc e m a trix incr ease and the true pr e dictor effe cts a re mode rate.

e h av e found th at the estim ation of r ge ne rally improves when
he s amp le size per gr oup incr eas es ( simul ation s not shown ) or
hen the total number of pred ictor s used in the GR est imat ion
roc e dure de creases ( c ompare Table 2 with Web Appendix Sec

ions 2.2 and 2.3 ) . Under c onditions th a t r e duc e the ac curacy of
he GR proc e dure, the GR proc e dure unde res timates r on aver-
g e. Ho w ev e r, whe n w e c ompa re the true a nd FP rates for the
xed and random effects given in Table 1 betw e en sc en arios us-

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae016#supplementary-data
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TAB LE 2 Res ults of the GR r est imat ion proc e dure for p = 100 log i stic mixe d effe cts simula tion r es ults, including the av er- 
age estimate of r across sim ulations a nd pe rce n t of times that the est imat ion proc e dure unde res tim ate d r, gav e the true r, or 
ove res timated r. Column B de scribe s the ge ne r al siz e of both the v ari ances and eigenv alues of the resulting � = BB 

T random 

effe cts c ov ari anc e m a trix ( modera te vs large ) . 

True r β B Avg. r r Un dere stimated % r Correct % r Ov er estima ted % 

3 1 Mod. 2.79 21 79 0 
Large 2.95 5 95 0 

2 Mod. 2.21 80 19 1 
Large 2.51 49 51 0 

5 1 Mod. 4.60 26 72 2 
Large 4.83 15 83 2 

2 Mod. 3.83 70 28 2 
Large 4.43 46 50 4 
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ing the true r and those using the estim ate d r, w e se e v ery sim-
ilar res ults, ev en in situations when the GR proc e dure tende d
to unde res tim ate d r. The misspec i fication of r does not signifi-
ca n tly impact the est imat ion of the fixed effects coefficie n ts ( see
the mean abs o lute devi ation v alue s ) nor doe s it si gnifica n tly im-
pact the est imat ion of the random effe ct c ov ari anc e m atrix c oef-
ficie n ts ( see the Frobenius norm values ) . 

We also used glmmPen to perform v ari ab le s election on the
simul ation s where the true number of latent factors was r = 3 .
We let the glmmPen variable selection pr ocedur e pr oceed for
100 hours . In th at time, glmmPen w as ab le to comp le te the fo l-
lowing n umbe r of r eplica tes out of the 100 tot al re plicate s: 83
for ( β = 1 , B = Moderate ) , 71 for ( β = 1 , B = Large ) , 100
for ( β = 2 , B = Mode rate ) , a nd 96 for ( β = 2 , B = Large ) .
The minimum times ne e de d to c omp le te the glmmPen v ari ab le
sele ction proc e dures w ere 39.91, 57.60, 23.63, and 42.79 hours,
respe ctiv ely. 

The Web Appendix Section 2 contains additional simulation
results not included in the main pa pe r due to space consider-
ation s. Thes e additional simul ation s include simul ation s with
p = 500 pred ictor s, a compa rison with glmmPe n in mode rate
dimen sion s, and altern ativ e data s e t-ups ( eg, s amp le size, effect
m agnitudes, c orr ela ted pr ed ictor s ) . 

4 C A S E  ST U DY: PA N C R E AT I C  D U C TA L  

A D E N O  C  A R C I N O M A  

Patie n ts di agnos ed with pancr ea tic ductal ade noca rcinoma
( PDA C ) g e ne rally face a very poor pr ognosis, wher e the 5-year
survival rate is 6% ( Khorana et al. 2016 ) . The study by Moffitt
et al. ( 2015 ) ide n tified ge nes that a r e expr es s e d exclusiv ely in
pancr ea tic tumor c ells . Using these tumor-spe c i fic genes, Mof-
fit t et al. ( 2015 ) wer e able to ide n tify a nd v alid ate 2 novel tu-
mor s ubtypes, terme d “basal -like” a nd “cl as sical”. It w as found
tha t pa tie n ts di agnos ed with bas al-l ike tumor s had si gnifica n tly
w orse me dian s urvival th an those diagnose d with the classical
tumors. Con s eque n tly, it is of clinical in te res t to robus tly pre-
d ict this basal-l ike subtype in order to make and impr ove tailor ed
tr ea tme n t re c ommend ation s. 

In order to improve repl icabil ity in the prediction of subtypes
in PD AC , w e c ombine PDA C g ene expres sion d ata from 5 dif-
fe re n t s tudies ( Aguirre et al. 2018 ; Cao et al. 2021 ; Dijk et al.
2020 ; Hayashi et al. 2020 ; Rap hael e t al. 2017 ) with a total sam-
ple size of 360 s ubje cts; se e Web Appendix Table 9 for further 
details. In order to accoun t a nd adjus t for betw e e n-s tudy hete ro- 
ge neity, we a pply our new method glmmPen_FA to fit a pe nal - 
ized log i stic mixe d effe cts mode l to our dat a to se le ct pre d ictor s
with study- re p licab le effe cts, where w e ass ume th a t pr edictor ef-
fe cts m ay v ary be tw e e n s tudies. 

The basal or classical subtype outcome was calculated using 
the clus te ring al gorithm spec i fied in Moffitt et al. ( 2015 ) . Fur- 
ther details ar e pr ovided in Web Appendix Section 3.1 , and the 
code for this pr ocedur e is provided in a G itHub repository, s ee 
Supplemen ta ry Mate rials for more details. 

Moffitt et al. ( 2015 ) ide n tified a list of 500 genes that were 
likely to be expres s ed s o lely in PDAC tumor c ells . The 5 

studies had RNA-seq gene expression data for 432 of these 
500 ge nes. The re we re some si gnifica n t corr ela tions betw e en 

some of these 432 genes, as evaluated by S pe arm an c orre la - 
tion s app lie d to the s ubje ct-lev el r ank-tr ansformed gene expres- 
sion; ther efor e, w e c ombine d highly c orr ela t ed genes t o ge ther
into met a -gene s. The clustering process used to cr ea te these 
met a -gene s is de scribed in Web Appendix Section 3.1 . The fi- 
nal d atas e t included 117 me t a -gene s. The raw gene expre ssion 

values of each met a -gene, calculated as the sum of the gene 
expr ession acr oss all of the genes comprising the met a -gene, 
w ere c onv erte d from their raw values to their ranks for each 

s ubje ct. 
Due to the presence of several pairwise S pe a rma n corr ela tion 

values gr ea te r tha n 0.5 in this final d atas e t, we us ed the El as-
t ic Net penalizat ion proc e dure ( Frie dm an et al. 2010 ) to bal- 
anc e betw e en ridge re gression and the MCP penalty. We let π
r epr ese n t the balance betw e e n rid ge r egr ession and the MCP
pe nalty, whe r e π = 0 r epr ese n ts rid ge r egr ession and π = 1
r epr ese n ts the MCP pe nalty. We res tricte d our c onsideration to 

π = { 0 . 6 , 0 . 7 , 0 . 8 , 0 . 9 } based on Elastic Net simulation results
given in Web Appendix Section 2.4 ; we then used s en sitivity 
analys es ( s ee Web Appendix Section 3.2 ) to choose the opti- 
m al π use d in this case s tudy va riable selection a nalysis. Within 

each value of π , we considered the GR estimated value of r
( evalua ted a t 2 for all values of π) a nd a ma n ually s e t l a rge r value
of r = 3 . We found that within values of π , the selection results 
a nd coefficie n t values we re consis te n t for the diffe re n t values of
r c onsidere d; w e ther efor e r estricted our consideration to the 
GR estimate of r. We also found that the selected met a -gene s 
within the final model were consis te n t across the values of π , 
with only small devi ation s be tw e en values of π . For the results 
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TABLE 3 Cov ari ate me t a -gene labe l within the cas e study d atas e t of the me t a -gene s th at h ad nonzero fixe d effe cts 
in the final best model, the sign of the fixed effect coefficie n t ( ie, the sign of the log odds ra tio ) associa ted with the 
met a -ge ne, a nd the ge ne symbols of the ge ne s within the met a -gene. 

Meta-gene No. Log Odds Ratio Sign Gen e Compon ent Symbo ls for Meta-Gen e 

5 + ADORA2B, C16orf74, HES2, ULBP2 
7 + A HNA K2, FAM83A, GJB6, ITGA3, IVL, KRT6A, 

MUC16, PPL, SCEL, SLC2A1, ZNF185 
28 + COL17A1, DHRS9, SPRR1B, SPRR3 
52 + KRT23, S100A4, SPINT2 
81 + BA C E2, C EA CAM3, RNF43 
85 - BTNL8, CDH17, MYO1A, MYO7B, PDZD3, VIL1 
104 - GATA6, PAQR8, PIP5K1B, TOX3 
117 - TFF1, VSIG2 
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 eported her e, we let π = 0 . 8 , which provided the results that
est refle cte d the c onclusions from the ov e rall se nsitivity a naly-
 es. The s ame v alue of π w as us e d for both the fixe d effe cts and
andom effects penalization. The se quenc e of λ penalties used
n the v ari ab le s ele ction proc e dure was the same as those used
n the Binomi al v ari ab le s election simul ation s for p = 100 ( s ee

eb Appendix Section 1.3 ) . 
In the fin al res ults, 8 of the 117 tot al met a -ge ne cova riates had

onzero fixe d effe ct value s in the be st mode l se le cte d by the
IC-ICQ cr iter ia , implyin g these co va riates we re importa n t for

he prediction of the bas al outcome. Thes e 8 me t a -ge ne cova ri -
 tes r epr ese n ted 37 genes in total. Table 3 includes the label for
hese 8 met a -gene s, the sign of the as s oci ate d fixe d effe ct c oef-
cie n t ( ie, the log odds rat io est imate ) , and the gene symbols
f the genes that make up the met a -gene. Met a -gene s with pos-

tive log odds ratios indica te tha t having gr ea ter r ela tive expr es-
ion of these met a -gene s increase s the odds of a s ubje ct being in
he basal subtype, and vice versa for negative log odds ratios. The
e st mode l cont ained a random intercept ( v ari ance v alue 0.54 )
nd no other random slopes. 
We als o app lied the glmmPen v ari ab le s ele ction proc e dure to

his data. Using π = 0 . 8 , the 8 met a -ge ne cova riate s se le cte d
 y glmmPe n_FA we re als o s ele cte d b y glmmPe n. The glmm-
en method sele cte d 2 addition al met a -gene s ( met a -gene 59,
enes PKIB, DNAJC15, with ne gativ e log odds ratio; met a -gene
1, genes AKR1C3, CA2, MGST2, with posit ive log odds rat io )
nd sele cte d met a -gene 117 to h av e a nonz ero r andom effect
 v ari anc e 0.99 ) . The m ain diffe re nce in these variable selection
roc e dures was the time to ne e de d to comp le te the proc e dure,
he re glmmPe n_FA finished within 0.8 hours a nd glmmPe n fin-

shed within 49.4 hours. More details about glmmPen s en sitiv-
ty analyses ( ie, results for diffe re n t values of π) are provided in

eb Appendix Section 3.2 . 

5 D I S  C U S S  I O N 

y a doptin g a fa ct or model structure t o estimat e the high-
ime nsional ra ndom effect cova ria nc e m atrix in the ge ne r aliz ed

inear mixed model s e t ting, we ar e assuming that a small num-
e r of unde rlying late n t va riables ( ie, late n t factors ) ca n fully de-
cribe the hi gh-dime nsional set of candidate random effects we
onsider in the model. The main benefit of this assumption is
h at w e are able to re duc e the late n t space from a large number
f random effects to a smaller s e t of l at ent fact ors, ther eby gr ea tly
implifying the E-step of the algorithm. We h av e shown through
imul ation s ( both in Section 3 and in the Supplemen ta ry sim u-
 ation s in Web Appendix Section 2 ) that by reducing the com-
lexity of the integral in the E-step, we can significantly improve

he overall time needed to perform v ari ab le s election in high-
dimension al GLMMs . 

The simul ation s als o sho w ho w r educing the la te n t space
ncre ases the fe asible d imensional ity of performing variable
ele ction in GLMMs . By usin g our no vel formulation of the ran-
om effe cts, w e ca n pe rform va riable selection on mixed models
ith hundreds of pred ictor s within a reas onab le time-frame
ithout any a pr ior i kno wledg e of which pred ictor s are releva n t

or the model, either in terms of fixed or random effe cts . From
he simulation res ults, w e se e th at the glmmPen_FA method
es ults in ac curate sele ction of the fixed and random effects
cros s s ev eral c onditions . 
One limitation of this assumption is that there may be a ppli -

a tions wher e the ra ndom effects ca nnot be r epr ese n ted as a
unction of a r ela tive ly s mall s e t of l ate n t factors. Our method
r ovides the gr ea test computa tional benefit ( ie, the gr ea test im-
rove me n t in time ) whe n the true value of the n umbe r of late n t

actors r is much smaller than the number of random effects con-
ide red b y the va riable selection pr ocedur e, q . If the value of r
rom the est imat ion proc e dure is large, or not much smaller than
he n umbe r of ra ndom effects q , the n our method h as little c om-
utational adva n tage ove r the exis ting method of glmmPe n. 
Additionally, our method is limited by the need to provide an

stimate for the number of latent c ommon factors . How ev er, the
imula tion r es ults show th a t our da t a -driven e st imat ion of the
 umbe r of late n t factors, based on the GR es t imat ion proc e dure
y Ahn and Horenstein ( 2013 ) , provides reas onab le e stimate s.
ve n whe n it was estim ate d inc orre ctly by this proc e dure, this
isspec i fication had very little impact on the general v ari ab le

ele ction perform anc e or the coefficient e stimate s. Ther efor e,
ur method is not sensitive to the estimation of the n umbe r of

ate n t factors. 

S U P P L E M E N TA  RY  M AT E R I A  L S  

upple me n ta ry mate rial is available at Biometrics online. 
Web Appendices and Tables r efer enc e d in Sections 2 , 3 , and
 , Section 3 code a nd sim ulation output, a nd Section 4 data
nd code are av ail ab le with this paper at the Biometrics website

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae016#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae016#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae016#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae016#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae016#supplementary-data
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