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Proof of Proposition 1: By changing variables, the optimization problem can be

rewritten as

min
α1,α2,γ

E[‖Σ̂−Σ‖2F ]

s.t. Σ̂ = α1Σ̃I + α2Σ̃C + (1− α1)γIp.

Using the facts that Σ = ΣI + ΣC and E(Σ̃I) = ΣI , we can rewrite the objective

function as

E[‖Σ̂−Σ‖2F ] = E[‖α1Σ̃I + α2Σ̃C + (1− α1)γIp −Σ‖2F ]

=E[‖α1Σ̃I + α2Σ̃C + (1− α1)γIp − α1ΣI − (1− α1)ΣI −ΣC‖2F ]

=E[‖α1(Σ̃I −ΣI) + (1− α1)(γIp −ΣI)‖2F ] + E[‖α2Σ̃C −ΣC‖2F ]

=α2
1E[‖Σ̃I −ΣI‖2F ] + (1− α1)

2‖γIp −ΣI‖2F + E[‖α2Σ̃C −ΣC‖2F ].

Therefore, the optimal value of γ can be obtained by minimizing ‖γIp −ΣI‖2F . Thus,
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the optimal value is γ∗ = tr(ΣI)/p = tr(Σ)/p. The optimal value of α2 can be obtained

by minimizing E[‖α2Σ̃C−ΣC‖2F ]. The optimal value is α∗2 =
‖ΣC‖2F
‖ΣC‖2F+δ

2
C

. Replacing γ by

its optimal value γ∗ in the objective function and taking the derivative of the objective

function with respect to α1, we can find that the optimal value of α1 is α∗1 = θ2

θ2+δ2I
.

Thus, the optimal value of α3 is α∗3 = γ∗(1− α∗1) =
γ∗δ2I
θ2+δ2I

.

At the optimum, the value of the objective function is equal to
δ2Iθ

2

δ2I+θ
2 +

δ2C‖ΣC‖2F
δ2C+‖ΣC‖2F

,

which is less than δ2I + δ2C . Since E[‖Σ̃ − Σ‖2F ] = δ2I + δ2C , we have E[‖Σ̃∗ − Σ‖2F ] ≤

E[‖Σ̃−Σ‖2F ]. �

To show the proof of Theorem 1, we first show the definition of the sub-Gaussian

distribution and Lemma 1 of Ravikumar et al. (2011).

Definition 1: A zero-mean random variable Z is sub-Gaussian with parameter

L > 0 if

E(exp(tZ) ≤ exp(L2t2/2)) for all t ∈ R.

Lemma 1 (Ravikumar et al. (2011)) Consider a zero-mean random vector (X1, . . . , Xp)

with covariance Σ such that each Xj/
√
σjj is sub-Gaussian with parameter L. Given

n i.i.d. samples, the associated sample covariance Σ̂ satisfies the tail bound

P (|σ̂jt − σjt| ≥ δ) ≤ 4 exp{− nδ2

128(1 + 4L2)2 maxj(σjj)2
},

for all δ ∈ (0, 8 maxj(σjj)(1 + 4L2)).

Proof of Theorem 1: In our theoretical study, we assume that σjj = 1 for each j.

Under the condition (A1), we know that Xj/
√
σjj is sub-Gaussian with parameter L for

each j = 1, 2, . . . , p. The random variable y/
√

var(y) is sub-Gaussian with parameter

L/
√

var(y).

We use the above Lemma 1 and let δ = ν1
√

log p
njt

. If

ν1

√
(log p)/njt < 8 max

j
(σjj)(1 + 4L2),
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we can use the above Lemma 1 and have the following result

P (|σ̃jt − σjt| ≥ δ) ≤ 4 exp{− njtδ
2

128(1 + 4L2)2 maxj(σjj)2
}

= 4 exp{−
njt · ν21

log p
njt

128(1 + 4L2)2 maxj(σjj)2
}

= 4 exp{− ν21
128(1 + 4L2)2 maxj(σjj)2

log p}

= 4p
− ν21

128(1+4L2)2 maxj(σjj)
2
.

In our theoretical studies, we choose ν1 = 8
√

6(1 + 4L2) maxj(σjj) = 8
√

6(1 + 4L2) and

ν2 = 4. If minj,t njt > 6 log p, we can check that

δ = 8
√

6(1 + 4L2)

√
log p

njt
max
j

(σjj) < 8(1 + 4L2) max
j

(σjj),

and

P (|σ̃jt − σjt| ≥ ν1

√
log p

njt
) ≤ 4p

−
384(1+4L2)2 maxj(σjj)

2

128(1+4L2)2 maxj(σjj)
2

=
4

p3
=
ν2
p3
,

for any j, t ∈ {1, 2, . . . , p}.

Hence, under condition (A1) and the condition minj,t njt > 6 log p, we have

max
j,t

P (|σ̃jt − σjt| ≥ ν1

√
log p

njt
) ≤ ν2

p3

P (‖Σ̃−Σ‖max ≥ ν1

√
log p

minj,t njt
) ≤ ν2

p3
· p2 =

ν2
p
,

where the constants ν1 = 8
√

6(1 + 4L2) and ν2 = 4.

In addition, we know that each Xj/
√
σjj and the random variable y/

√
var(y) are

also sub-Gaussian with parameter L

min{1,
√

var(y)}
. Let ν3 = 16(1+4 L2

min{var(y),1}) max{var(y), 1}
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and ν4 = 4. If minj,t njt > 6 log p, we can check that

min
j
nj ≥ min

j,t
njt > 6 log p > 4 log p,

ν3

√
log p

nj
< 8(1 + 4

L2

min{var(y), 1}
) max{var(y), 1} for each j = 1, 2, . . . , p.

Using the above Lemma 1 , we have

max
j
P (|c̃j − cj| ≥ ν3

√
log p

nj
) ≤ ν4

p2
,

P (‖C̃ − C‖max ≥ ν3

√
log p

minj nj
) ≤ ν4

p2
· p =

ν4
p
.

�

Proof of Theorem 2: Denote Σ̂ = α1Σ̃I + α2Σ̃C + (1 − α1)Ip, where 1 − α1 =

O(
√

log p/minj nj) and 1−α2 = O(
√

log p/minj,t njt). We first show the convergence

rate of ‖Σ̂−Σ‖max. Based on the definition of Σ̂ = (σ̂jt)
p
j,t=1, we know that

σ̂jt − σjt =


0 if j = t;

α1σ̃jt − σjt if j 6= t (j and t are in the same modality);

α2σ̃jt − σjt if j 6= t (j and t are in different modalities).

Thus, if j 6= t and the predictors j and t are in the same modality, with probability at

least 1− ν2/p3, we have

|σ̂jt − σjt| = |α1σ̃jt − σjt| ≤ α1|σ̃jt − σjt|+ (1− α1)|σjt|

≤ α1|σ̃jt − σjt|+ 1− α1

(by Theorem 1) ≤ α1ν1
√

log p/min
j
nj + 1− α1

≤ ν1
√

log p/min
j
nj + 1− α1.
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Similarly, if j 6= t and the predictors j and t are in different modalities, with probability

at least 1− ν2/p3, we have

|σ̂jt − σjt| = |α2σ̃jt − σjt| ≤ ν1
√

log p/min
j,t

njt + 1− α2.

Therefore, there exists two constants ν ′1 and ν2 such that

P (‖Σ̂−Σ‖max ≥ ν ′1
√

log p/min
j,t

njt) ≤ ν2/p.

Denote events A = {‖Σ̂ − Σ‖max ≤ ν ′1
√

log p/minj,t njt} and B = {‖C̃ − C‖max ≤

ν3
√

log p/minj nj}. From Theorem 1 and the above convergence rate of ‖Σ̂−Σ‖max,

we have P (A ∩ B) ≥ 1− (ν2 + ν4)/p. In events A and B, we have

‖C̃ − Σ̂β0‖max ≤ ‖C̃ − C‖max + ‖Σ̂−Σ‖max‖β0‖1

≤ (ν3 + ν ′1‖β0‖1)
√

log p/min
j,t

njt.

Therefore, we have ‖C̃ − Σ̂β0‖max = Op(‖β0‖1
√

log p/minj,t njt). Next, we show that

‖β̃ − β0‖2 = Op(
√
sλ). By the KKT condition, the solution β̃ of (4) satisfies

‖Σ̂β̃ − C̃‖max ≤ λ.

On the other hand, since β̃ is the solution to (4), we have

1

2
β̃T Σ̂β̃ − C̃T β̃ + λ‖β̃‖1 ≤

1

2
β0T Σ̂β0 − C̃Tβ0 + λ‖β0‖1.
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Therefore,

2λ‖β̃‖1 ≤ β0T Σ̂β0 − β̃T Σ̂β̃ + 2C̃T (β̃ − β0) + 2λ‖β0‖1

= (β0 − β̃)T Σ̂β0 + β̃T Σ̂(β0 − β̃) + 2C̃T (β̃ − β0) + 2λ‖β0‖1

= (2C̃ − Σ̂β̃ − Σ̂β0)T (β̃ − β0) + 2λ‖β0‖1

≤ (‖C̃ − Σ̂β̃‖max + ‖C̃ − Σ̂β0‖max) · ‖β0 − β̃‖1 + 2λ‖β0‖1

≤ (λ+ ‖C̃ − Σ̂β0‖max) · ‖β0 − β̃‖1 + 2λ‖β0‖1.

If the tuning parameter λ = 2‖C̃ − Σ̂β0‖max, we have

2λ‖β̃‖1 ≤ 1.5λ‖β0 − β̃‖1 + 2λ‖β0‖1.

Hence,

‖β̃ − β0‖1 ≤ 4(‖β̃ − β0‖1 + ‖β0‖1 − ‖β̃‖1).

Let δ = β̃ − β0. Since for j ∈ J c, |β̃j − β0
j |+ |β0

j | − |β̃j| = 0, it holds that

‖β̃ − β0‖1 = ‖δJ‖1 + ‖δJc‖1 ≤ 4(‖δJ‖1 + ‖β0
J‖1 − ‖β̃J‖1) ≤ 8‖δJ‖1.

Hence, ‖δJc‖1 ≤ 7‖δJ‖1. Furthermore, under the condition (A2), if the event A occurs,

we have

δT Σ̂δ

δT δ
=
δTΣδ

δT δ
+
δT (Σ̂−Σ)δ

δT δ
≥ m− 64s‖Σ̂−Σ‖max ≥ m− 64sν ′1

√
log p/min

j,t
njt.

If we assume that sν ′1
√

log p/minj,t njt = o(1) or minj,t njt > (128ν ′1/m)2(s2 log p), we

have

δT Σ̂δ

δT δ
≥ m−m/2 = m/2 > 0, (S1)
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for sufficiently large s, p, and minjt njt. On the other hand, we have

δT Σ̂δ ≤ ‖Σ̂(β̃ − β0)‖max‖δ‖1 ≤ (‖Σ̂β̃ − C̃‖max + ‖C̃ − Σ̂β0‖max)‖δ‖1

≤ (λ+ ‖C̃ − Σ̂β0‖max)‖δ‖1 = 1.5λ‖δ‖1. (S2)

Therefore, by (S1) and (S2), we have m
2
‖δ‖22 ≤ δT Σ̂δ ≤ 1.5λ‖δ‖1 ≤ 12λ‖δJ‖1 ≤

12λ
√
s‖δ‖2. Hence, ‖δ‖2 ≤ 24λ

√
s/m.

Therefore ‖β̃ − β0‖2 = Op(
√
sλ) = Op(‖β0‖1

√
s log p/minj,t njt). This completes

the proof. �

Proof of Theorem 3: For each j, t ∈ {1, 2, . . . , p}, we know that σ̆jt = σjt = 1 if

j = t, and it equals to the solution to
∑

i∈Sjt ψHjt(xijxit − µ) = 0 otherwise. Under

condition (A3) and the assumption that minj,t njt ≥ 24 log p, let Hjt = Q1

12

√
njt/ log p

for each j, t ∈ {1, 2, . . . , p}, by Theorem 5 in Fan et al. (2016), we know that for all

j, t ∈ {1, 2, . . . , p},

P (|σ̆jt − σjt| ≥ Q1

√
log p

njt
) ≤ 2

p3
.

Therefore, we have

max
j,t

P (|σ̆jt − σjt| ≥ Q1

√
log p

njt
) ≤ 2

p3
.

Furthermore, for each j, t ∈ {1, 2, . . . , p}, we have

P (|σ̆jt − σjt| ≥ Q1

√
log p

minj,t njt
) ≤ P (|σ̆jt − σjt| ≥ Q1

√
log p

njt
) ≤ 2

p3
.

Thus,

P (‖Σ̆−Σ‖max ≥ Q1

√
log p

minj,t njt
) = P (max

j,t
|σ̆jt − σjt| ≥ Q1

√
log p

minj,t njt
) ≤ 2

p
.
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In addition, for each j ∈ {1, 2, . . . , p} and i ∈ Sj, we have

V ar(xijyi) ≤ E(x2ijy
2
i ) =

√
E(x4ij)E(y4i ) ≤ 2(Q1 +Q2)

2.

Let Hj = (Q1 +Q2)
√
nj/ log p for each j ∈ {1, 2 . . . , p}. Using Theorem 5 in Fan et al.

(2016), we know that for each j ∈ {1, 2, . . . , p},

P (|c̆j − cj| ≥ 8(Q1 +Q2)

√
log p

nj
) ≤ 2

p2
.

Therefore, we have

max
j
P (|c̆j − cj| ≥ 8(Q1 +Q2)

√
log p

nj
) ≤ 2

p2
.

Furthermore, since

P (|c̆j − cj| ≥ 8(Q1 +Q2)

√
log p

minj nj
) ≤ P (|c̆j − cj| ≥ 8(Q1 +Q2)

√
log p

nj
),

we know that

P (‖C̆ − C‖max ≥ 8(Q1 +Q2)

√
log p

minj nj
) ≤ p · 2

p2
=

2

p
.

This completes the proof. �

Proof of Theorem 4: Under the conditions max1≤j≤p E(|Xj|4`) ≤ T and E(ε2`1 ) =

E(ε2`2 ) = · · · = E(ε2`n ) ≤ T , by Theorem 2 in Whittle (1960), we have

max
j,t

P (|σ̃jt − σjt| ≥
d1
2T

√
p

njt
) ≤ d2

p2h
.
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Furthermore, for each j, t ∈ {1, 2, . . . , p}, we have

P (|σ̃jt − σjt| ≥
d1
2T

√
p

minj,t njt
) ≤ P (|σ̃jt − σjt| ≥

d1
2T

√
p

njt
) ≤ d2

p2h
.

Thus,

P (‖Σ̃−Σ‖max ≥
d1
2T

√
p

minj,t njt
) = P (max

j,t
|σ̃jt − σjt| ≥

d1
2T

√
p

minj,t njt
)

≤ d2
p2h−2

.

In addition, since E(C̃) = C, using the Theorem 2 in Whittle (1960), for all j, we have

P (|c̃j − cj| ≥
d3
2T

√
p

nj
) ≤ d4

p2h−1
,

where d3 and d4 are two positive constants.

Therefore, we have

max
j
P (|c̃j − cj| ≥

d3
2T

√
p

nj
) ≤ d4

p2h−1
.

Furthermore, since

P (|c̃j − cj| ≥
d3
2T

√
p

minj nj
) ≤ P (|c̃j − cj| ≥

d3
2T

√
p

nj
),

we know that

P (‖C̃ − C‖max ≥
d3
2T

√
p

minj nj
) ≤ p · d4

p2h−1
=

d4
p2h−2

.

This completes the proof. �

Proof of Theorem 5: The proof is almost the same as the proof of Theorem 2.
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We use the same technique to show that

P (‖Σ̂−Σ‖max ≥ Q′1
√

log p/min
j,t

njt) ≤ 2/p.

Then, in events A = {‖Σ̂−Σ‖max ≤ Q′1
√

log p/minj,t njt)} and B = {‖C̆ − C‖max ≤

8(Q1 + Q2)
√

log p/minj nj}, for sufficiently large s, p, and minj,t njt, we show that

‖β̆ − β0‖2 ≤ 24λ
√
s/m with probability at least 1− 4/p. This completes the proof. �

Proof of Theorem 6: By the KKT condition, we know that β̃ is a solution to (4)

if and only if there exists a subgradient γ ∈ Rp such that

C̃ − Σ̂β̃ = λγ,

where for each j ∈ {1, 2, . . . , p}, γj = sign(β̃j) if β̃j 6= 0, and γj ∈ [−1, 1] if β̃j = 0.

We can construct a point β̃ ∈ Rp by letting β̃J = (Σ̂JJ)−1C̃J − λ(Σ̂JJ)−1 · sign(β0
J)

and β̃Jc = 0. Define events A1 = {‖β̃J − β0
J‖max < β0

min} and A2 = {‖C̃Jc −

Σ̂JcJ β̃J‖max ≤ λ}. If events A1 and A2 hold, we can check that β̃ is a solution to (4)

and sign(β̃) = sign(β0). To prove the theorem, we only need to show that P (A1) −→ 1

and P (A2) −→ 1, as minj,t njt →∞ and p→∞.

Step 1: show the upper bound of ‖(Σ̂JJ)−1‖∞.

Denote V = ‖(ΣJJ)−1‖∞. Since

‖(Σ̂JJ)−1 − (ΣJJ)−1‖∞ ≤ ‖(ΣJJ)−1‖∞ · ‖(Σ̂JJ)−1‖∞ · ‖Σ̂JJ −ΣJJ‖∞

≤ ‖(ΣJJ)−1‖∞ · (‖(ΣJJ)−1‖∞ + ‖(Σ̂JJ)−1 − (ΣJJ)−1‖∞) · ‖Σ̂JJ −ΣJJ‖∞

= V (V + ‖(Σ̂JJ)−1 − (ΣJJ)−1‖∞) · ‖Σ̂JJ −ΣJJ‖∞,

we have,

‖(Σ̂JJ)−1 − (ΣJJ)−1‖∞ ≤
V 2‖Σ̂JJ −ΣJJ‖∞

1− V ‖Σ̂JJ −ΣJJ‖∞
≤ sV 2‖Σ̂JJ −ΣJJ‖max

1− sV ‖Σ̂JJ −ΣJJ‖max
,
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and

‖(Σ̂JJ)−1‖∞ ≤ V +
sV 2‖Σ̂JJ −ΣJJ‖max

1− sV ‖Σ̂JJ −ΣJJ‖max
=

V

1− sV ‖Σ̂JJ −ΣJJ‖max
.

Step 2: show the upper bound of ‖C̃J − Σ̂JJβ
0
J‖max. We have

‖C̃J − Σ̂JJβ
0
J‖max ≤ ‖C̃J − CJ‖max + ‖(ΣJJ − Σ̂JJ)β0

J‖max

≤ ‖C̃J − CJ‖max + ‖ΣJJ − Σ̂JJ‖∞‖β0
J‖max

≤ ‖C̃J − CJ‖max + sβ0
max‖Σ̂JJ −ΣJJ‖max.

Step 3: show that P (A1) −→ 1 as minj,t njt →∞ and p→∞.

Define events A3 = {‖Σ̂−Σ‖max ≤ ν ′1
√

log p/minj,t njt and A4 = {‖C̃ −C‖max ≤

ν3
√

log p/minj nj}. By Theorem 1 and Theorem 2, we know that P (A3) −→ 1 and

P (A4) −→ 1 as p → ∞. If events A3 and A4 occur, since 1+sβ0
max

λ

√
log p

minj,t njt
−→ 0, if

sV
√

log p/minj,t njt −→ 0 or the following condition holds

‖(ΣJJ)−1‖∞ ·

√
s2 log p

minj,t njt
≤ η

ν ′1(4 + η)
,

we have

‖β̃J − β0
J‖max = ‖(Σ̂JJ)−1C̃J − λ(Σ̂JJ)−1 · sign(β0

J)− β0
J‖max

≤ ‖(Σ̂JJ)−1C̃J − β0
J‖max + λ‖(Σ̂JJ)−1‖∞

≤ (‖C̃J − Σ̂JJβ
0
J‖max + λ) · ‖(Σ̂JJ)−1‖∞

≤ (‖C̃J − CJ‖max + sβ0
max‖Σ̂JJ −ΣJJ‖max + λ) · V

1− sV ‖Σ̂JJ −ΣJJ‖max

≤ 2λV

1− sV ‖Σ̂JJ −ΣJJ‖max
≤ 4λV,

for sufficiently large p and minj,t njt. Therefore, if λV/β0
min −→ 0, we have P (A1) =

1− P ({‖β̃J − β0
J‖max ≥ β0

min}) −→ 1.
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Step 4: show the upper bound of ‖Σ̂JcJ(Σ̂JJ)−1 −ΣJcJ(ΣJJ)−1‖∞. We have

‖Σ̂JcJ(Σ̂JJ)−1 −ΣJcJ(ΣJJ)−1‖∞

≤ ‖ΣJcJ((Σ̂JJ)−1 − (ΣJJ)−1)‖∞ + ‖(Σ̂JcJ −ΣJcJ)(Σ̂JJ)−1‖∞

≤ ‖ΣJcJ(ΣJJ)−1‖∞ · ‖ΣJJ − Σ̂JJ‖∞ · ‖(Σ̂JJ)−1‖∞

+ ‖(Σ̂JJ)−1‖∞ · ‖Σ̂JcJ −ΣJcJ‖∞

≤ ‖(Σ̂JJ)−1‖∞ · (‖Σ̂JJ −ΣJJ‖∞ + ‖Σ̂JcJ −ΣJcJ‖∞) ≤ 2sV ‖Σ̂−Σ‖max
1− sV ‖Σ̂−Σ‖max

.

Step 5: show that P (A2) −→ 1 as minj,t njt →∞ and p→∞.

Since β̃J = (Σ̂JJ)−1C̃J − λ(Σ̂JJ)−1 · sign(β0
J), we have

‖C̃Jc − Σ̂JcJ β̃J‖max ≤ ‖C̃Jc − Σ̂JcJ(Σ̂JJ)−1C̃J‖max + λ‖Σ̂JcJΣ̂
−1
JJ‖∞

≤ ‖C̃Jc − CJc‖max + ‖(ΣJcJ(ΣJJ)−1 − Σ̂JcJ(Σ̂JJ)−1)CJ‖max

+ ‖Σ̂JcJ(Σ̂JJ)−1(CJ − C̃J)‖max + λ‖Σ̂JcJ(Σ̂JJ)−1‖∞

≤ ‖C̃Jc − CJc‖max︸ ︷︷ ︸
(I)

+ sβ0
max‖Σ̂−Σ‖max · (1 + ‖Σ̂JcJ(Σ̂JJ)−1‖∞)︸ ︷︷ ︸

(II)

+ (λ+ ‖C̃J − CJ‖max) · ‖Σ̂JcJ(Σ̂JJ)−1‖∞︸ ︷︷ ︸
(III)

.

If events A3 and A4 occur, we know that

(I) ≤ ν3
√

log p/min
j
nj ≤ ν3

√
log p/min

j,t
njt

(II) ≤ ν ′1sβ
0
max

√
log p/min

j,t
njt · (2− η +

2sV ‖Σ̂−Σ‖max
1− sV ‖Σ̂−Σ‖max

)

(III) ≤ (λ+ ν3
√

log p/min
j
nj) · (1− η +

2sV ‖Σ̂−Σ‖max
1− sV ‖Σ̂−Σ‖max

).
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Since 1+sβ0
max

λ

√
log p

minj,t njt
−→ 0, if sV

√
log p/minj,t njt −→ 0 or we assume that

‖(ΣJJ)−1‖∞ ·

√
s2 log p

minj,t njt
≤ η

ν ′1(4 + η)
,

we have

‖C̃Jc − Σ̂JcJ β̃J‖max
λ

≤ (I)

λ
+

(II)

λ
+

(III)

λ
≤ η

4
+
η

4
+ 1− η

2
= 1,

for sufficiently large p and minj,t njt.

Therefore, P (A2) −→ 1 as minj,t njt → ∞ and p → ∞. This completes the proof.

�

Proof of Theorem 7: The proof is almost the same as the proof of Theorem 6.

We define events A5 = {‖Σ̂−Σ‖max ≤ Q′1
√

log p/minj,t njt and A6 = {‖C̆−C‖max ≤

8(Q1+Q2)
√

log p/minj nj}. By Theorem 3, we know that P (A5) −→ 1 and P (A6) −→

1 as p → ∞. If events A5 and A6 occur, we can show that P ({‖β̆J − β0
J‖max <

β0
min}) −→ 1 and P ({‖C̆Jc − Σ̂JcJ β̆J‖max ≤ λ}) −→ 1, as minj,t njt →∞ and p→∞.

This completes the proof. �
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