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A.1. Proof of Lemma (1]
First of all, it follows from Lemma 1 of [Negahban, et al.| (2012) that A= B — B, € Cqyyy on the

event {\, > 2[|VL,(8})| .} Hence, we need to show that the event {\, > 2[|VL,(8})| -} holds

oo

with high probability. The latter will be established by using Bernstein’s inequality along with the

union bound.
The gradient of L,
VLB = 3 Sl — X Bl (1)

where ¢ (x) = z, for |z| < 1; ¢(z) = 1, for x > 1; and 9 (z) = —1, for x < —1. Using o |¢(az)| <

|z| and assumption (C3), we have

E{2a_11/1[a(y2- — XZ—’BZ)];U'L]}Q <A4E{(yi — X;'FIBZ)szz]
<8E{(¢] + Ix{ (B — BY)))a?}
= 8E{E(¢} |x)}; + ] (8}, — 87|z},

<wv

— )

where v is a constant depending on M, and kg and the last inequality follows from a similar

argument as in the proof of Theorem [1} By (C3) and that |[¢(z)| < 1, ¢[a(y; — x! B)]zs; is also



sub-Gaussian. For any k& > 3, using the relation between the kth moment and the second moment

of sub-Gaussian random variables (Rivasplata, 2012),

k!
S L PR [Platy: — %7 B3],

E[¢la(y — x| By)]ayl" <
where L is a constant depending on k¢ only. Hence,

B (20~ plo(y, — xF 85 oy 1* < & (2L /) 2.

By Bernstein inequality (Proposition 2.9 of [Massart and Picard (2007)) and note that E(2¢[a(y; —

x] 3%)]x;) = 0, we have

d

Let t = nA2/(32v) and observe that i—Lnt < /2% by the choice of A, and . We have

d

It then follows from union inequality that

d

where ¢y = k3 /(32v) — 1 and without loss of generality we assume logp < n. This completes the
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il > 2”) < 2exp (—T?;Z + 1ng> < 2exp(—con),
[o.¢]

proof. O

A.2. Proof of Lemma |2
Define set A :={(B,A) : ||B]l2 < 4p2 and ||All2 < 8p2}, we first show that for any (3,A) € A,

Ln(A,B) > Z:SOTHAH2 (x{ AI(ly; —x] B] < T)), (2)
=1



for all @ < 1/(T + 87p3), where the thresholding function
r(u) = w?I(fu] < t/2) + (¢ = [u)*1(t/2 < u] <), (3)

I(-) is the indicator function and the thresholds T" and 7 will be chosen as in . From , we
essentially need o < ¢y p5 1 where ¢, is a constant depending on the population level quantities
Ko, k1 and £, only. The introduction of the thresholding function ¢;(u) is to apply the contraction
theorem of Ledoux and Talagrand (1991). Clearly, ¢(u) < u? and satisfies the Lipschitz condition
with Lipschitz coefficient bounded by 2t.

To show , if |xI'A| > 7||A|l2 or |y; —xI'B| > T, the right hand side of (2) is 0. By convexity
of the Huber loss function, holds trivially. If |[x A| < 7||A|l2 and |y; — x! B8] < T, then

i =X B+ A) <y —x Bl + X Al ST+ 7| Alls T +87p < 1/,
and |y; — x7 B8] <T < 1/a. Since ¢y (z) = 2? for |z| < 1/, we have
lalyi—x] (B+A))~Lla(yi—x] B)~[l,(yi—x] B)](x] A) = (x] A)* = ryay, (] Al(lyi—x] B| < T)).

Therefore, holds in any case. Using , to prove the lemma, it suffices to show that for any

(B,A) € A, with high probability

1 ¢ Al
AR > eral, (X Ay — x] B < T)) > k1 — k1kay/(logp) /n Al
i=1

From the definition , for any d > 0 and z € R, we have ¢4(dz) = d?¢1(z). Therefore, it is
equivalent to show that for any (3,A) € A" := {(B,A) : |B]]2 < 4p2 and ||A||2 = 1}, with high

probability
1 n
— D er(xi AL(ly —x] Bl <T)) > 1 — rrriay/(logp) /nf| Al (4)
=1



To establish , let us consider its complementary event. Define

fo)=x"AI(ly —x"B| <T), g(x)=¢:(f(x)). and Pyg(x)] = Zg(xz')-

Let So(1) be the unit sphere with Lo-radius one, and S;(¢) be the unit sphere with L;-radius ¢,

which is to be chosen later. The complementary event of is given by

{]P’n[g(x)] < k1{l — K2/ (logp)/n||Al1}, for some (B, A) € A'}.

Our goal is to show that the probability of this event is very small, which is demonstrated through

the following three steps.

(a) First, we show that with the choice of truncation 7 and 7 as in (§), for any fixed (3, A) € A’,

we have

Elg(x)] = r1/2. (5)

(b) Second, with Z(t) = sup(g,ajcanacs, @) IPr[9(x)] — E[g(x)]|, we prove the tail probability of
Z(t) is bounded by

P(Z(t) > ki /4+ 4072 Kot/ (logp)/n) < exp(—cin — c’2't2 log p), (6)

for each given t.

(c) Finally, we use a standard peeling argument (Alexander) 1987;|Van de Geer, [2000)) to establish
P{3(8,A) € A': Z(|All) = /4 + 4070 | Al (l0g ) /n } < exp(—cin — cylogp).

The result (c) together with show that the probability of the complementary event of with
w1 = k)4 and ke = 407%kgk] " is bounded by exp(—cjn — cjlog p), which completes the proof.

We first prove . In fact, by condition (C2), for any (3, A) € A’, E[(xT A)?] > k|| A% = &,



So, it suffices to show that E[(xT A)? — g(x)] < k;/2.
Note that, g(x) = (xI A)? for all x such that |y — x7 3| < T and [xT A| < 7/2. Therefore, we
have

E[(x"A)? — g(x)] < E[(x"A)I(ly —x" 8| > T)] + E[(x" A)*I(|x" A > 7/2)]. (7)

To bound the first term on the right hand side of , it follows from the Cauchy-Schwartz inequality
that

E[(x"A)I(ly —x"8| > T)] < [Ex"A)T2[P(ly — x" 8| > T)]"/%.

Since xT A is sub-Gaussian with parameter at most x2 by assumption (C3), we have E(xT A)* <

16x3. Meanwhile, it follows from the Chebyshev inequality that for any 3 with ||3]]2 < 4p2,

T°P(ly —x"8| > T) < E[(y — x" B8)’]
<2BE& + 2B (8" — B))?
< 2v/ My + 345,03

< 36K,p03.

where in the last inequality, we assume without loss of generality po > le / 4/@[ /2 To bound the
second term on the right hand side of , by the concentration inequality of sub-Gaussian variables,

we have

P(|XTA\ >71/2) < 2€Xp{—7'2/(8/€%)}.

Then, by choosing T" and 7 as
T = 96Kk, 'K/ % pa and 7 = max{4rg log"/?(12x; ' k2), 1}, (8)
we have

E[(x”A)(jy — xT8| > T)] < % and  E[xTAZI(xTA| > 7/2)] < 2



Hence, follows.
Next, we give the tail bound as in (b). Indeed, for any (8,A) € A4, we have |g||, < 72
Therefore, by Massart concentration inequality (Theorem 14.2 of |Bihlmann and Van De Geer

(2011))), for any z > 0, we have P(Z(t) > EZ(t) + z) < exp(—:?;i). By choosing z = x;/4 +

1672k0t+/(logp) /n, we have

2

nK
P(Z(t) >EZ(t) + 2) < exp(—5127l_4 8kt 1ogp). (9)

Next, we bound E Z(t). Let {w;}*; be an ii.d. sequence of Rademacher variables. A sym-

metrization theorem (Theorem 14.3 of Buhlmann and Van De Geer| (2011)) yields

=2E

sip |- Zwiwmxi))r] .

(B,A)eAnAes (t) T i

1 n
E[Z(t)] < 2E[ sup = wig(xi)]
(B,A)eA'NAES (t) T i

By definition, the function ¢, is Lipschitz with parameter at most 2r < 272 and ¢,(0) = 0.
Therefore, by the Ledoux-Talagrand contraction theorem (Ledoux and Talagrand (1991), p.112),
we have

E[Z(t)] <87*E [ S ot !% Zwif(xz')ll
=1

(B,A)eA'NAES (¢

1 n
=872 E sup |— sz‘XiTAI(’Z/z‘ - Xz‘Tﬁ’ <7
(B,A)eA'nAes: () i

< 87%tE

)

1 n
- Z wixih(Yi, ;)
n -

i=1 %)
where h(y;, X;) = supg,|g|,<ap, L (1¥i — x!'B| < T). Since the variables {z;;}?; are zero-mean i.i.d.
sub-Gaussian with parameter at most m%, w; and h(y;,x;) are bounded, {w;x;jh(y;,x;)}, is also
sub-Gaussian. Since E H% 2?21 wix;h(yi, Xi)Hoo is the maxima of p such terms, known bounds on

the expectation of sub-Gaussian maxima (e.g. see Ledoux and Talagrand| (1991), p.79) yield

< 3koy/ (log p)/n.

E

1 n
= wixih(yi, Xi)
i

o0



Hence,

E[Z(t)] < 247%kot+/(log p) /n. (10)

Combining @ and , we have

P(Z(t) > Ky /4 + 4072 Kot/ (logp)/n) < exp(—cjn — cht*logp),

where constants ¢ and ¢} depends on x; and kg only. This result holds for each given t.

Next, we furnish the peeling argument in (c). Let h(||All1) = k;/8 + 207%k0 | All11/(logp)/n
and B = {3(B,A) € A" : Z(|Al]l1) > 2h(]|All1)}. Since h(]|A|l1) > ki/8, the set can be covered
by partition {B,,}5°_; with B, = {(8,A) € A" : 2m~4x; < h(||A|1) < 2™ 3k;}. Thus, by union

bound,

v
=
IA
WE

P(A € By, such that Z(| A1) > 2h(]|A[1))

3
5

P(Z(|Al1) = 2" k)

WE

3
[}

since h(||All1) > 2™ %k, for A € B,,. By letting 2™ 3k; = /4 +4072kot+/(log p) /n as in @ and

solving for ¢, by @, we obtain

P(B) <) exp 5

4
T KR
m=1 0

S ( " C’z’ff?@ml—l)zn)

o0 /o o292m—4
/" /1 CQn/{l 2
< exp(—cin) + exp | —cin — ——— 5 —
4K
m=2

< ¢} exp(—chn),

where the last inequality follows from sum of geometric series. O

A.3. Proof of Lemma[3,



Note that,

p
Ry > 1855172 S 18519 = 0%|Sayl. (11)
Jj=1

€San

Therefore, [Sa,| <77 9R,. Let S§, = {1,2,...,p}\Say, we have

185, =D 1Bajl= D 1Ba;l?Ba,1" "¢ < Rgn' . (12)

JESE, JESE,
Hence, for any A € C,,;;, we have
[A[lr = [Asy, 1+ [[Asg, 1 < 4 As,, [l + 484, [1-
By the Cauchy-Schwartz inequality and , we can bound further that
IA[l1 < 44/|Sanl| All2 + 4Rgn' ™ < 4Ry*n~ 2| All2 + 4Rgn' .

From Theorem [1}, || 3% —B*|l2 < dia*~!. As we finally need a to be small, without loss of generality,

we assume |82 ]|2 < 4p2. In addition, we assume pa > 1/8. It then follows from Lemma [2| that

0La(A,B%) = mil|All2{]|All2 — w2/ (log p) /ARy *n~ "2 Al|2 + 4Ryn' ]}

= (m — k1R RY P92/ (10gp)/n) |A13 — 4k1K2Rgn' 94/ (log p) /.

With A, = kxy/(logp)/n and n = A, it holds that

1/2 o [logp 1/2 o (logp (1=a)/2
4I€11€2Rq/ n_q/ — :4K31/€2Rq/ /ﬁ)\_Q/ <n> ,

which is no larger than x1/2 under assumption (2.7). On the other hand,

1 1 1—(q/2)
4Rq/£1/£2771_qu in = 4Rq/£11£2/<a>\1_q <07glp> .

Therefore, RSC holds with £, = 5 and 7'[2: = 4Rq/<am2/£,\1*q(b%)1*(q/2). O




A.4. Proof of Lemma [}

It follows from Lemma 2 that

SLn (A, B) > kil|All5 — kika| All2l|All1v/ (log p)/n.

Using the fact that ab < (a? + b?)/2, we conclude that

1 1 log p
,(8,) 2 rallAE - (Gl AlE + gl Al (<E2)).

n

Therefore, (3.2) holds with v, = 1 and 7, = k1k3(log p)/(2n). Meanwhile, we have

n

1
OLn(A,B) < =3 (x] A
=1
Under the sub-Gaussianity assumption (C3), it follows from some existing work (e.g. page 18 of

Loh and Wainwright| (2013)) that, with probability greater than 1 — ¢; exp(—can), it holds that

n

1 3 logp
ST < (1Al + Tl

where ¢; and ¢ are some generic constants. Hence, (3.3)) holds with v, = 3k, and 7, = Ky (log p)/n.
O

A.5. Proof of Theorem []]
We prove the theorem by the following two steps:

(a) We first show that, for any 62 > £2/(1 — k), ¢(Bt) - gb(B) < 42, for all ¢ greater than the
right hand side of , where € [0,1) is a contraction constant and ¢ is a tolerance parameter,
which will be given in and , respectively.

(b) We use RSC condition to transform the upper bound of <Z>(,@t) — <Z>(,@) into the upper
bound of |8 — Bll2.

~0 ~0 N
For step (a), by the choice of initial value, we have || — B2 < [|B —B%|l2+ |8 — B%|l2 < 2p2,



where we assume the sample size n is large enough to guarantee ||3 — 8*||z < p2. It then follows
from Lemma 2 of |Loh and Wainwright (2013]) that ||,Bt - //6\”2 < 2pg for all ¢ > 0. Therefore,
||Bt||2 < H,@t —Blla + 18 = B*|l2 + 18*||l2 < 4p2. Hence, Lemma 4] guarantees that RSC/RSM
conditions hold for all Bt, t > 0. Since our loss function is convex, we apply Theorem 2 of |Agarwal,
Negahban, and Wainwright| (2012)). In order for our proof to be self-contained, we cite their theorem
as the follows:

[Theorem 2 of |Agarwal, Negahban, and Wainwright| (2012)] Suppose for any data set Z7', the
loss function L,(-, Z7) is conver and differentiable and the regularizer R is a norm. Consider
the optimization problem of 6 = argming gy<,{Ln(0; Z7') + A\R(0)} for a radius p such that 6% is

feasible, where 0* = argminE £,,(0; Z7"), and a regularization parameter A, satisfying bound
An > 2R*(VL,(0Y)), (13)

where R* is the dual norm of the reqularizer. In addition, suppose that the loss function L, satisfies
the RSC/RSM condition with parameters (v, 71) and (yu, Tu), respectively. Let (M, M™) be any

R-decomposable pair of subspaces such that

ot V1 32p
_Ji_ <
K {1 yooy + - }f €[0,1) and T K&x <A, (14)

where (M) = supge xp\ {0} R(0)/1101l2, 7 = —64102(M), £ = (1 —64Tu'_yl_1\112(./\;l))*1, and x =
- S 2

2 (71/(4%) + 128Tu'_yf1\112(/\/l)) T1+87u+27. Denotee? = 8¢ (6\I’(M)||9 —0*]2 + SR(HMJ_(H*))) ,

where Ty, (6%) is the projection of 0* onto M*. Then for any 6> > £2/(1 — k), we have

D (1) — n(0) < 62 for all

21og((¢n(0°) — ¢(0))/5%) PAn log 2
= log(1/r) logy los, (5) (1 * logu/m)) ’ (15)

where ¢, (0) = L,(0; Z7) + M\R(0), 0" is the solution by the gradient descent algorithm after t™

iteration, and 6° is the initial value of 6.

10



In fact, Theorem 2 of |Agarwal, Negahban, and Wainwright| (2012) is a deterministic statement
for all choices of pairs (M, M=*). From Lemma [I| and Lemma {4 we have shown that with our
choice of \,, the RA-quadratic loss function satisfy and RSC/RSM with probability at least
1 — c¢1 exp(—can). Hence, Theorem 2 of Agarwal, Negahban, and Wainwright| (2012) applies to our
problem with high probability. We further choose the pair (M, ML) = (Su, S&,) and give the

explicit expression of constants for our problem as the follows:

_ 1 1 -1
k={1- L 4 —64’{“'?‘1”' el —64/{”'5}"7‘ N , (16)
4y, M ol
R 2
22 = sex (6y/1SunllB — Bl + 81185, 1) (1)

where 3, = k1 — 32/11/£%\San\(logp)/n, E={1- 64f<;u|50m\(logp)/(n”yl)}_l, and x = 2{%;/(4v.) +

1287y |San| /51 + 1}7 + 87y. It remains to check (14). By (16)), x € [0, 1) is equivalent to requiring

logp A}
S, . 18
[San| n < 1536%2 (18)
With n = A, it follows from (11]) that
1 1 B 1 1—(q/2)
|Sa77| ng S an—q ng S I{,)\qRq < ng) .
n n n

Hence, holds when n is sufficiently large. Moreover, from we need

1 —1
Ao > 2P <1 _ 64%u| o ng)
-k M

)

logp
n

5 128k | S | 1252
1+/€1/€§<1;; + “|%°”7| n >+8/<;u
U

which is satisfied under the stated assumption. It then follows from Theorem 2 of |Agarwal, Ne-
gahban, and Wainwright| (2012) that, for any 6% > 2/(1 — k), qb(ﬁt) — gb(,@) < 42, for all iterations

t greater than the right hand side of .

11



For step (b), it follows from the RSC condition that
~ st sy st ~t =
Ln(B) = Ln(B) = [VL.(B) (B = B) = S 118 = BI3 — 7l - BT

Then we have

~t

$(8") = 6(B) = Ln(B") — Lo(B) + MBI — 1B8]11)
> [VLLB)"(B" = B)+ a8l = 1Blln) + F1B" — Bl — 1B — BIE.

Since B is the minimizer of #(B), by the first-order condition, [Vﬁn(,@) + )anHBHl]T(Bt — B) > 0.

Therefore,

~t ~

6(8") = 6(B) = ~MalVIBIT(B = B) + MlIB | ~ 1BI) + 18 = Bl — nllB" - B
By the convexity of the L;-norm, H,@tﬂl — 118l - [VH,@Hl]T(Bt — ) > 0. Hence,
6(8") — 6(B) = T8~ Bl - nlI8" - BII%. (19)

Next, we bound || Bt — B”l It follows from Lemma 3 of |Agarwal, Negahban, and Wainwright| (2012)

that
~t o~ ~t o~ ~ .
13" - Bl §2<2\/San!ﬂ ~ Bllo +4 \San|rﬂ—ﬂz|rz+4uﬁa,sgnul+62/An),

where § is defined as in (a). Then, by the Cauchy-Schwartz inequality,
St ~t =~ ~
18" = BI? < 16 (41SunllB" = BI3 + 16/Sanl 1B — B3l13 + 161185 55, IF +/22) . (20)
Equations and together with results in (a) imply that,

Mgt S ~t 2 * *
> 28" — B3 — 16m (4150118 — B3 + 1618118 — B3 +1618L 55, I3+ 6°/32).

12



Letting 4; = /2 — 647;|Say|, we have

167,0*\ = 256
1B - Bl <3 (#+ ;) O (0B — B8 + 155, 1) (21)

We now bound the second term in . By (11)) and ( ., we have

SunllB = B3 + 185, ] < Ry 1B - 8213+ B2~
o (logp\ " o a2 (logp\ '
< Ry (E2) 1B - gl e (2 )

_ logp —a/? logp 1-(a/2)
<Ry (422 [IIB Bl + Ry (2 .

Meanwhile, from (a) we have

g2 8&x 2
2 _ _ OSX 3 g "
L CYCNI R A Ry
88X
< T (721l 1B — Bal + 1281182 s I) (23)
1024£x
< T (1SanlllB = BB + 118555, ).

Since <1, k=x1,6x1, y =1

loip , it follows from , and that

~t —~ logp 1—(q/2) N . logp 1—(q/2)
18 —ﬁH%Sdqu< SRV I A G ,

where d3 is a generic positive constant depending on My, K, Ky, Ko and k). O

A.6. Proof of Theorem [6]
First, we prove that the approximation error has ||3% —8* |2 < dya*~1, where B = argmin,@ E ¢ (y—
xT'3*) is the population minimizer under the Catoni loss. Let go(z) = €(z) — €5(x) = [ [2t —

%wc(at)]dt. It follows from ([A.2) in the Appendix of the main paper that

Elt(y — x"B3) — tly — x" )] < Ellga(y — x" B)x" (B — B,

13



where 3 is a vector lying between B* and B¢*. Since |(¢.)”| < 3, by the second-order Taylor
(0%

expansion with an integral remainder,

o)l = 2o = 2t = | [0 as) o 7| < Pl @1

Hence, we have

B{(y - x"B5) — tly —x"B")} < o’ E{ly - x" BPx" (8% — 8"}
< 402 B{(|e[* + [T (B - BT (B - 8}
< 40? [E{Jel*Ix" (85 — B[} + B{x" (B - 87)PIx" (85 — 81} -

Follow a similar proof as in Theorem [1] we have
EfleP " (85 = B} S 1B — B[l and  E{x"(8 - B8")PX" (85 - B} S 1185 — B°l2-

Therefore, |35 — B*||2 < dsa?, for some generic positive constant dy. If condition (C1) holds for
k = 2, using a first-order Taylor expansion of ¢/, (z) and similar argument as in the above, we have
1B — B*||l2 < dacr. Next, since (¢.)'(0) = 1, by the same argument as in the proof of Lemma
and |3, RSC holds for Catoni’s loss with probability no less than 1 — ¢ exp(—can), given that
An =K A\/W for sufficiently large £y and A\, S a < psy . Hence, similarly as in Theorem
with high probability, ||B — B2 < ds \/E[(logp)/n]lﬂ_qﬂl, for some generic positive constant ds.

This together with |35 — B*||2 < dsa*~! completes the proof. O

A.7. Proof of Theorem [7

First of all, observe that

(-3 2
D oxIp) o

%
q'
KJ*—‘

M~

Ella
”’M

—_

n J
:% e?—az—%Z% Z eixf(,/fa\’(

i=1 j=1 """ icfold j

k‘ \

J .
Z% @ -y

icfold j
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Given that E€* exists, by Central Limit Theorem, v/n(1 Y% | € — o?) A N(0,Eet — o). Let
~(=3)
a=x(B"

on data outside the jth fold,

— 3%). We now need to prove that the last two terms are negligible. Conditioning

2

1 (.

By < 2 > — B{E(Ix)22} < [B{E(x)P] " (E2)72 < VL33
iefold k

- B*|3.

_ ~(=7)
Hence, m~Y2 %", ;4 peixF (B

follows from Theorem [3] By an analogous argument, we have

- B8*) =0p (Hﬁ(_j) —,8*”2) = op(1), where the last equality

2 (@ 3) =0, (1B - 5'15) = Oplmax{a®* . Ryflog)/m' )

iefold k

— o(1/v/n).

This completes the proof. ]
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