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S1 Toy example with adaptive LASSO penalty

The advantage of joint estimation is not pertained to the choice of penalty.

If we choose other penalty functions, we can still see such an advantage.

To illustrate that, we did some further simulation experiments in the toy

example with the adaptive LASSO penalty. In particular, we plot the esti-

mation errors of the original adaptive LASSO method (“Separate LASSO”

in Figure 1) and the adaptive LASSO penalty with precision matrix as the

adjusted weight (“2-step weighted LASSO” in Figure 1). We use cross-

validation to choose the tuning parameter. The resulting estimation errors

are shown in Figure 1. It shows that the two-step weighted adaptive LASSO

may perform worse than separate adaptive LASSO, so it also has the same
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Figure 1: Plots of the estimation errors for separated adaptive LASSO and two-step

weighted adaptive LASSO when Σε =
(

1 ρ
ρ 1

)
. The left panel is for B∗ = ( 0 0

2 3.5 ) and

the right panel is for B∗ = ( 0 0
−2 3.5 ).

problem as LASSO. Jointly estimate B∗ and C∗ with the adaptive LASSO

penalty can solve this problem.

S2 Regularity Conditions

Condition A1. Suppose there exists two positive constants L1 and L2

such that for any u1 ∈ Rp, u2 ∈ Rq, and t ∈ R, E
(
exp

(
tu>1 xi

))
≤

exp
(
L2
1‖u1‖22t2

2

)
and E(exp(tu>2 yi)) ≤ exp

(
L2
2‖u2‖22t2

2

)
.

Condition A2. nXX ≥ 6 log p, nXY ≥ 4 log(pq) and nY Y ≥ 6 log q.

Under Condition A1, the predictor and the response vectors follow

sub-Gaussian distributions. Condition A2 ensures that the missing pro-
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portion of the data is not too large in order to get consistent estima-

tors of B∗ and C∗. If we further assume that (log(pq))/n0 = O(1), with

n0 = min {nXX , nXY , nY Y }, Condition A2 is satisfied when n0 is sufficiently

large.

In order to prove Lemma 3.3 and 3.4, we need the following additional

assumptions.

Condition A3. ‖B∗‖L1 ≤ cγ10 and ‖C∗‖L1 ≤ cγ20 where 0 < γ1, γ2 <
1
16

and

c0 = min{ nXY
log(pq)

, nXX
log p

, nY Y
log q
}. ‖B∗‖2 ≤ c for some positive constant c.

Condition A4. Suppose that ΣXX and C∗ satisfy c ≤ λmin(ΣXX) ≤

λmax(ΣXX) ≤ C and c ≤ λmin(C∗) ≤ λmax(C∗) ≤ C for some positive

constants c and C.

Condition A3 makes a weak assumption on the upper bounds of the

norms of the true parameters, where the two upper bounds can diverge

as (log(pq))/n0 → 0, with n0 = min {nXX , nXY , nY Y }. We impose the

sub-Gaussian assumption on yi in Condition A1. We essentially assume it

has bounded variance. Since it is the response from a linear model, it is

reasonable to assume var(yi) is bounded. Since var(yi) ≥ B∗> var(xi)B
∗,

the boundness of var(yi) implies that ‖B∗‖2 is bounded, if we assume

λmax(var(xi)) < ∞. Condition A4 ensures that the eigenvalues of ΣXX

and C∗ are bounded away from 0 and infinity.
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Condition A5.
∥∥∥(C∗ ⊗ΣXX)SCBSB

(C∗ ⊗ΣXX)−1
SBSB

∥∥∥
∞
≤ 1 − η holds for

a constant η ∈ (0, 1).

Condition A5 can be viewed as a population version of the strong ir-

representable condition proposed in Zhao and Yu (2006).

S3 Proof of Proposition 2.1

We use a similar argument as the proof of Proposition 1 in Yu et al. (2020),

we first decompose the objective function into the estimation error of intra-

modality sample covariance matrix, the estimation error of diagonal entries

and the estimation error of cross-modality sample covariance matrix. Then

we find the optimal value of each term.

By using the facts that ΣXX = ΣI + ΣC and E(Σ̃I) = ΣI , we can

rewrite the objective function in (2.10) as

arg minα1,α2 E‖Σ̂XX −ΣXX‖2
F

= arg minα1,α2

{
α2

1E
∥∥∥Σ̃I −ΣI

∥∥∥2

F
+ (1− α1)2 E

∥∥∥diag(Σ̃I)−ΣI

∥∥∥2

F
+ E

∥∥∥α2Σ̃C −ΣC

∥∥∥2

F

}
.

The optimal value of α2 can be obtained by minimizing E‖α2Σ̃C −ΣC‖2
F .

Thus, the optimal value is α∗2 =
‖ΣC‖2F
‖ΣC‖2F+δ2C

. Then taking the derivative of the

objective function with respect to α1, we can find that the optimal value of

α1 is α∗1 = θ2

θ2+δ2I
.

At the optimum, the value of the objective function is equal to
δ2Iθ

2

δ2I+θ2
+
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δ2C‖ΣC‖2F
δ2C+‖ΣC‖2F

≤ δ2
I + δ2

C . Since E‖Σ̃XX −ΣXX‖2
F = δ2

I + δ2
C , we have E‖Σ̂∗XX −

ΣXX‖2
F ≤ E‖Σ̃XX −ΣXX‖2

F .

By taking the derivative of the objective function of (2.11) with respect

to α3, the optimal value of α3 is α∗3 =
‖ΣXY ‖2F

‖ΣXY ‖2F+δ2XY
. At the optimum, the

value of the objective function is equal to
δ2XY ‖ΣXY ‖2F
δ2XY +‖ΣXY ‖2F

, which is less than

δ2
XY . Since E‖Σ̃XY −ΣXY ‖2

F = δ2
XY , we have E‖Σ̂∗XY −ΣXY ‖2

F ≤ E‖Σ̃XY −

ΣXY ‖2
F .

S4 Proof of Theorem 3.1

We first gives the large deviation bounds for the sample covariance matrices

Σ̃XX and Σ̃XY by a similar argument as the proof of Lemma 1 in Yu et al.

(2020). Then we calculate the convergence rate of entries in the estimated

intra-modality sample covariance matrix, entries in the estimated cross-

modality sample covariance matrix and estaimated diagnal entries usingthe

previous bound, and then calculate the overall convergence rate of using

the union bound.

Without loss of generality, we assume σXXjj = 1 for 1 ≤ j ≤ p. Then,

under Condition A1, we know that Xj is sub-Gaussian with parameter L1.

Let δ1 = 8
√

6 (1 + 4L2
1)
√

log p
nXXjk

. If nXX > 6 log p, we have δ1 < 8 (1 + 4L2
1) .
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By letting ν1 = 8
√

6 (1 + 4L2
1), it follows from Lemma S9.2 that

P
(∣∣σ̃XXjk − σXXjk ∣∣ ≥ δ1

)
≤ 4 exp

{
−

nXXjk δ2
1

128 (1 + 4L2
1)

2

}

= 4 exp

{
− ν2

1 log p

128 (1 + 4L2
1)

2

}

= 4p
− ν21

128(1+4L2
1)

2

≤ 4

p3
.

Hence, under Conditions A1 and A2, we have

maxj,k P

(∣∣σ̃XXjk − σXXjk ∣∣ ≥ ν1

√
log p
nXXjk

)
≤ 4

p3
.

By the union bound, we have

P
(
‖Σ̃XX −ΣXX‖∞ ≥ ν1

√
log p
nXX

)
≤ 4

p
.

Let Yj denote the jth response. Without loss of generality, we as-

sume that Yj has finite variance. Under Condition A1, Yj/
√

var(Yj) is sub-

Gaussian with parameter L2/
√

var(Yj). Let δ3 = 16(1+4 max{L2
1,

L2
2

minj(var(Yj))
})√

log(pq)

nXYjk
max{maxj(var(Yj)), 1}. When nXY > 4 log(pq), we have

δ3 < 8

(
1 + 4 max

{
L2

1,
L2

2

minj (var(Yj))

})
max
j

(var(Yj), 1) .

By choosing ν2 = 16(1+4 max{L2
1,

L2
2

minj(var(Yj))
}) max{maxj(var(Yj)), 1},
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it follows from Lemma S9.2 that for any 1 ≤ j, k ≤ pq, we have

P
(∣∣∣σ̃XYjk − σXYjk ∣∣∣ ≥ δ3) ≤ 4 exp

−
ν22 log(pq)

128

(
1 + 4max

{
L2

1,
L2

2

minj(var(yj))

})2

maxj (var(Yj), 1)


≤ 4

(pq)2
.

Hence, by Condition A1 and nXY > 4 log(pq), there exists a positive con-

stant ν2 such that

maxj,k P
(∣∣σ̃XYjk − σXYjk ∣∣ ≥ ν2

√
log(pq)

nXYjk

)
≤ 4

(pq)2
.

By the union bound, we have

P
(
‖Σ̃XY −ΣXY ‖∞ ≥ ν2

√
log(pq)
nXY

)
≤ 4

pq
.

Based on the definition of Σ̂XX , we have

σ̂XXjt −σXXjt =


σ̃XXjt − σXXjt if j = t;

α1σ̃
XX
jt − σXXjt if j 6= t, j and t are in the same modality;

α2σ̃
XX
jt − σXXjt if j and t are in different modalities.

Thus, if j = t, there exists a positive constant ν1 such that with probability

at least 1− 4/p3, it holds that

∣∣σ̂XXjt − σXXjt ∣∣ =
∣∣σ̃XXjt − σXXjt ∣∣ ≤ ν1

√
log p/nX .

If j 6= t and j and t are in the same modality, it holds with probability at
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least 1− 4/p3 that

∣∣σ̂XXjt − σXXjt ∣∣ =
∣∣α1σ̃

XX
jt − σXXjt

∣∣ ≤ α1

∣∣σ̃XXjt − σXXjt ∣∣+ (1− α1)
∣∣σXXjt ∣∣

≤ α1

∣∣σ̃XXjt − σXXjt ∣∣+ 1− α1

≤ α1ν1

√
log p/nX + 1− α1.

Similarly, if j 6= t and j and t are in different modalities, it holds with

probability at least 1− 4/p3 that

∣∣σ̂XXjt − σXXjt ∣∣ =
∣∣α2σ̃

XX
jt − σXXjt

∣∣ ≤ α2

∣∣σ̃XXjt − σXXjt ∣∣+ (1− α2)
∣∣σXXjt ∣∣

≤ α2

∣∣σ̃XXjt − σXXjt ∣∣+ 1− α2

≤ α2ν1

√
log p/nXX + 1− α2.

Therefore, by the union bound, there exists a constant ν ′1 such that

P

(∥∥∥Σ̂XX −ΣXX

∥∥∥
∞
≥ v′1

√
log p

nXX

)
≤ 4

p
.

Similarly, it holds with probability at least 1− 4/(pq)2 that

∣∣σ̂XYjk − σXYjt ∣∣ =
∣∣α3σ̃

XY
jt − σXYjt

∣∣ ≤ α3

∣∣σ̃XYjt − σXYjt ∣∣+ (1− α3)
∣∣σXYjt ∣∣

≤ α3

∣∣σ̃XYjt − σXYjt ∣∣+ 1− α3

≤ α3ν2

√
log(pq)/nXY + 1− α3.

Therefore, by the union bound, there exists a constant ν ′2 such that

P

∥∥∥Σ̂XY −ΣXY

∥∥∥
∞
≥ v′2

√
log(pq)

nXY

 ≤ 4

pq
.
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Let δ2 = 8
√

6(1 + 4
L2
2

minj(var(Yj))
)
√

log q
nY Yjk

maxj(var(Yj)). If nY Y > 6 log q,

we have

δ2 < 8

(
1 + 4

L2
2

minj (var(Yj))

)
max
j

(var(Yj)) .

By choosing ν ′3 = 8
√

6(1 + 4
L2
2

minj(var(Yj))
) maxj(var(Yj)), it follows from

Lemma S9.2 that

P
(∣∣σ̂Y Yjk − σY Yjk ∣∣ ≥ δ2

)
≤ 4 exp

− ν ′23 log q

128
(

1 + 4
L2
2

minj(var(Yj))

2)2


≤ 4

q3
.

Hence, under Conditions A1 and A2, we have

maxj,k P

(∣∣σ̂Y Yjk − σY Yjk ∣∣ ≥ ν ′3
√

log q
nY Yjk

)
≤ 4

q3
,

where ν ′3 is a positive constant. By the union bound, we have

P
(
‖Σ̂Y Y −ΣY Y ‖∞ ≥ ν ′3

√
log q
nY Y

)
≤ 4

q
.

S5 Proof of Lemma 3.2

We use a similar argument as the proof of Theorem 2 in Yu et al. (2020). By

Theorem 2 in Yu et al. (2020), we have ‖B̂i−B∗i ‖2 = Op(
√
sBλB). In order

to prove the `2–error bound, we only need to prove ‖Σ̂XY,i − Σ̂XXB̂i‖∞ ≤

λB, where Σ̂XY,i and B̂i are the ith column of Σ̂XY and B̂, respectively.
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Let ∆XX = Σ̂XX −ΣXX and ∆XY = Σ̂XY −ΣXY . Let ∆XX
i and ∆XY

i be

the ith column of ∆XX and ∆XY , respectively. We have

∥∥∥Σ̂XY,i − Σ̂XXB∗i

∥∥∥
∞

=
∥∥∆XY

i −∆XXB∗i
∥∥
∞

≤
∥∥∆XY

i

∥∥
∞ −

∥∥∆XX
∥∥
∞ ‖B

∗
i ‖L1

≤(‖B∗‖L1v
′
1 + v′3)

√
log(pq)

min(nXX , nXY )

.λB0 .

Denote the ith column of B̂0 as B̂0,i. By Theorem 2 in Yu et al. (2020), we

have

∥∥∥B̂0,i −B∗i

∥∥∥2

F
= Op

(
sB

∥∥∥Σ̂XY,i − Σ̂XXB∗i

∥∥∥2

∞

)
= Op

(
‖B∗i ‖

2
1 sB

log(pq)

min(nXX , nXY )

)
.

Adding all q columns together, we have

∥∥∥B̂0 −B∗
∥∥∥
F

= O

(
‖B∗‖L1

√
sBq log(pq)

min(nXX , nXY )

)
.

S6 Proof of Lemma 3.3

We first verify the RSC conditions of the objective function, see (S9.29) and

(S9.30) in Theorem S9.1. Then we use Theorem 1 of Loh and Wainwright

(2015) to prove the convergence rate.
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Recall that Σ̂0 = Σ̃Y Y−2Σ̂>XY B̂0+B̂>0 Σ̂XXB̂0. Let Ln(C) = tr(Σ̂0C)−

log det(C). Its Hessian matrix is ∇2Ln(C) = (C⊗C)−1.

For any ∆C0 such that ‖∆C0‖F ≤ 1. By Mean Value Theorem, there

exists some t ∈ [0, 1] such that

〈
∇Ln(C∗ + ∆C0)−∇Ln (C∗) , vec

(
∆C0

)〉
= vec(∆C0)>

(
∇2Ln

(
C∗ + t∆C0

))
vec(∆C0)

≥λmin

(
∇2Ln

(
C∗ + t∆C0

))
‖∆C0‖2

F

=
∥∥C∗ + t∆C0

∥∥−2

2
‖∆C0‖2

F

≥
(
‖C∗‖2 + t‖∆C0‖2

)−2 ‖∆C0‖2
F

≥ (‖C∗‖2 + 1)−2 ‖∆C0‖2
F .

Thus, (S9.29) holds. Moreover, since Ln is convex, the function f(t) :=

Ln(C∗ + t∆C0) is also convex. So, f ′(1) − f ′(0) ≥ f ′(t) − f ′(0) for all

t ∈ [0, 1]. Since

f ′(1)− f ′(0) =
〈
∇Ln

(
C∗ + ∆C0

)
, vec

(
∆C0

)〉
−
〈
∇Ln (C∗) , vec

(
∆C0

)〉
=
〈
∇Ln

(
C∗ + ∆C0

)
−∇Ln (C∗) , vec

(
∆C0

)〉
,

f ′(t)− f ′(0) =
〈
∇Ln

(
C∗ + t∆C0

)
, vec

(
∆C0

)〉
−
〈
∇Ln (C∗) , vec

(
∆C0

)〉
=

1

t

〈
∇Ln

(
C∗ + t∆C0

)
−∇Ln (C∗) , t vec

(
∆C0

)〉
,

we have

〈
∇Ln

(
C∗ + ∆C0

)
−∇Ln (C∗) , vec

(
∆C0

)〉
≥ 1

t

〈
∇Ln

(
C∗ + t∆C0

)
−∇Ln (C∗) , t vec

(
∆C0

)〉
.
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For any ‖∆C0‖F ≥ 1, take t = 1
‖∆C0‖F

∈ (0, 1]. Since ‖t∆C0‖F = 1, we

have

〈
∇Ln

(
C∗ + ∆C0

)
−∇Ln (C∗) , vec

(
∆C0

)〉
≥‖∆C0‖F

〈
∇Ln

(
C∗ +

∆C0

‖∆C0‖F

)
−∇Ln (C∗) , vec

(
∆C0

‖∆C0‖F

)〉
≥‖∆C0‖F (‖C∗‖2 + 1)−2 .

Thus, (S9.30) holds. Denote ∆XX = ΣXX − Σ̂XX , ∆XY = ΣXY − Σ̂XY

and ∆Y Y = ΣY Y − Σ̂Y Y . Theorem 3.1 implies that with probability at

least 1− 4
p
− 4

pq
− 4

q
, we have

‖∆XX‖∞ ≤ v′1
√

log p

nXX
, ‖∆XY ‖∞ ≤ v′2

√
log(pq)

nXY
, ‖∆Y Y ‖∞ ≤ v′3

√
log q

nY Y
.

Then, we have

‖∇Ln (C∗)‖∞

=
∥∥∥Σε − Σ̂0

∥∥∥
∞

≤‖Σε − Σ̂Y Y + 2Σ̂>XY B∗ −B∗>Σ̂XXB∗‖∞ +
∥∥∥Σ̂Y Y − 2Σ̂>XY B∗ + B∗>Σ̂XXB∗−

(Σ̂Y Y − 2Σ̂>XY B̂0 + B̂>0 Σ̂XXB̂0)
∥∥∥
∞

≤2‖B∗ − B̂0‖L1‖Σ̂XY ‖∞ + 2‖B∗ − B̂0‖L1‖B∗‖L1‖Σ̂XX‖∞ + ‖B∗ − B̂0‖L1

‖B∗ − B̂0‖L1‖Σ̂XX‖∞ + ‖∆Y Y ‖∞ + 2‖B∗‖L1‖∆XY ‖∞ + ‖B∗‖2
L1
‖∆XX‖∞

.‖B∗‖2
L1

√
log(pq)

min(nXX , nXY )
+ ‖B∗‖L1sB

√
q log(pq)

min(nXX , nXY )
.

Then, the result follows from Theorem S9.1.
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S7 Proof of Theorem 3.4

We first rely on verifying the RSC conditions of our loss function to express

the upper bound of ‖B̂ − B∗‖1 as a function of ‖Ĉ − C∗‖1; see (S7.15).

Similarly, we show that the upper bound of ‖Ĉ−C∗‖1 can also be expressed

as a function of ‖B̂−B∗‖1; see (S7.18). Combining these two results with

some algebra proves the theorem.

For Ln(B,C) = tr[CΣ̂YY + BCB>Σ̂XX − 2CB>Σ̂XY] − log det(C),

we have ∇2
BLn(B,C) = 2Σ̂XX ⊗C and ∇2

CLn(B,C) = C−1 ⊗C−1.

For L(B,C) = tr
[
CΣYY + BCB>ΣXX − 2CB>ΣXY

]
− log det(C),

we have ∇2
BL(B,C) = 2ΣXX ⊗C and ∇2

CL(B,C) = C−1 ⊗C−1.

Denote ∆B = B∗ − B̂ and ∆C = C∗ − Ĉ. For any t ∈ [0, 1], denote

B̂t = B∗ + t∆B. For any vector vI1 ∈ Rpq, we have

v>I1∇
2
BL(B̂t, Ĉ)vI1 = 2v>I1(ΣXX ⊗ Ĉ)vI1

≥2‖vI1‖2
2λmin(ΣXX)λmin(Ĉ) ≥ λmin(ΣXX)λmin(Ĉ)‖vI1‖2

2.

In addition, define

ε̃Bn = max
t′∈[0,1]

{
‖∇2

BL(B̂t, Ĉ)−∇2
BLn(B̂t, Ĉ)‖∞

}
=
∥∥∥2∆XX ⊗ Ĉ

∥∥∥
∞
,
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where ∆XX = Σ̂XX −ΣXX . Then, we have

v>I1∇
2
BLn(B̂t, Ĉ)vI1
‖vI1‖2

2

=
v>I1∇

2
BL(B̂t, Ĉ)vI1
‖vI1‖2

2

+
v>I1(∇

2
BLn(B̂t, Ĉ)−∇2

BL(B̂t, Ĉ))vI1
‖vI1‖2

2

≥αB −
ε̃Bn ‖vI1‖2

1

‖vI1‖2
2

,

where αB = λmin(ΣXX)(λmin(C∗)− λmin(∆C)).

Let δB = vec(∆B) and δC = vec(∆C). Then, we have〈
δB, vec

(
∇BLn(B̂, Ĉ)−∇BLn(B∗, Ĉ)

)〉
=

〈
δB, vec

(∫ 1

0

∇2
BLn

(
B∗ + t(B̂−B∗), Ĉ

)
∆Bdt

)〉
≥〈δB, αBδB〉 − ε̃Bn ‖δB‖2

1

=αB‖δB‖2
2 − ε̃Bn ‖δB‖2

1.

(S7.1)

For any matrix B = (Bij) ∈ Rp×q, define f1(B) = (bij), where bij = 1

if Bij > 0, bij = −1 if Bij < 0 and bij = 0 if Bij = 0. Similarly, for any

matrix C = (Cij) ∈ Rq×q, define f2(C) = (cij), where cij = 1 if Cij > 0,

cij = −1 if Cij < 0 and cij = 0 if Cij = 0. Then f1(B) ∈ ∇B(‖B‖1) and

f2(C) ∈ ∇C(‖C‖1). Since B̂ is a stationary point of Ln + λB‖B‖1 and Ĉ

is a stationary point of Ln + λC‖C‖1, we have

〈vec(∇BLn(B̂, Ĉ) + λBf1(B̂)), δB〉 ≥ 0, (S7.2)

and

〈vec(∇CLn(B̂, Ĉ) + λCf2(Ĉ)), δC〉 ≥ 0. (S7.3)
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By (S7.1) and (S7.2), we have

αB‖δB‖2
2 − ε̃Bn ‖δB‖2

1

≤〈vec(∇BLn(B̂, Ĉ)−∇BLn(B∗, Ĉ)), δB〉

=〈vec(∇BLn(B̂, Ĉ)), δB〉 − 〈vec(∇BLn(B∗, Ĉ)), δB〉

≤〈vec(∇B(λB‖B̂‖1 + λC‖Ĉ‖1)), δB〉 − 〈vec(∇BLn(B∗, Ĉ)), δB〉

≤λB‖B∗‖1 − λB‖B̂‖1 + ‖∇BLn(B∗, Ĉ)‖∞‖δB‖1.

(S7.4)

Define

λ̃B = Cλ(log p)1/2/min(n
1−τ1/2
XX , n

1−τ2/2
XY )(‖B∗C∗‖L1 + ‖B∗‖L1‖δC‖1)

+ Cλ max {λmax(C∗), 1/λmin(C∗)}{ log(pq)

nXY
}1/2(1 + ‖δC‖1),

(S7.5)

where Cλ is a constant only depending on λmax(C∗), 1/λmin(C∗), L1, L2.

Then with a large enough constant Cλ, we have λB < λ̃B. By Lemma S9.5,

we have

‖∇BLn(B∗, Ĉ)‖∞ . λ̃B. (S7.6)
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By Lemma S9.3, we have

‖δB‖1 =
∥∥∆B

∥∥
1

=
∥∥∥vec

(
∆B
)
SB

∥∥∥
1

+
∥∥∥vec

(
∆B
)
SCB

∥∥∥
1

.4
∥∥∥vec

(
∆B
)
SB

∥∥∥
1

.4
√
sB

∥∥∥vec
(
∆B
)
SB

∥∥∥
2

.
√
sB ‖δB‖2 .

(S7.7)

Then by (S7.4), (S7.6) and (S7.7), it holds with probability at least

1− 4
p
− 4

pq
that

{
αB − 16ε̃Bn sB

}
‖δB‖2

2

≤λB‖B∗‖1 − λB‖B̂‖1 + ‖∇BLn(B∗, Ĉ)‖∞‖δB‖1

.λB‖B∗‖1 − λB‖B̂‖1 + λ̃B‖δB‖1

.λB‖B∗‖1 − λB‖B̂‖1 + λ̃B‖ vec
(
∆B
)
SB
‖1

.λ̃B‖ vec(∆B)SB‖1 − λB‖ vec(B̂)SCB‖1

.λ̃B
√
sB‖δB‖2.

(S7.8)

Next we show that with large enough nXX and q, αB − 16ε̃Bn sB is

bounded away from 0. To show αB is bounded away from 0, we first prove

that Ln(B,C) satisfies the RSC condition (S9.29) and (S9.30) with respect

to C for any B.

For any t′ ∈ [0, 1], denote Ĉt′ = C∗ + t′∆C . For any vector vI2 ∈ Rq2 ,
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we have

v>I2∇
2
CL(B̂, Ĉt′)vI2

=v>I2((Ĉ
t′)−1 ⊗ (Ĉt′)−1)vI2

≥(‖C∗‖2 + t′‖∆C‖2)−2‖vI2‖2
2,

where we use the Weyl’s inequality that λmax(C∗)−t′λmax(∆C) ≥ λmax(Ĉt′).

Then, for all ‖∆C‖F ≤ 1 and any B, we have

v>I2∇
2
CLn(B, Ĉt′)vI1
‖vI2‖2

2

≥ (‖C∗‖2 + t′‖∆C‖2)−2 ≥(‖C∗‖2 + 1)−2.

Then, for any ‖∆C‖F ≤ 1 and any B we have

〈δC , vec(∇CLn(B, Ĉ)−∇CLn(B,C∗))〉

=

〈
δC , vec

(∫ 1

0

∇2
CLn

(
B,C∗ + t′(Ĉ−C∗)

)
∆Cdt

)〉
≥αC‖δC‖2

2,

(S7.9)

where αC = (‖C∗‖2 + 1)−2. If ‖∆C‖F > 1, since Ln(B,C) is convex with

respect to C, the function f : [0, 1]→ R given by f(t) := Ln(B,C∗+ t′∆C)

is also convex, so f ′(1)− f ′(0) ≥ f ′(t′)− f ′(0) for all t′ ∈ [0, 1]. Computing

the derivatives of f yields

〈vec(∇CLn(B, Ĉ)−∇CLn(B,C∗)), δC〉

≥ 1

t′
〈
vec(∇Ln

(
B,C∗ + t′∆C

)
−∇Ln (B,C∗)), t′δC

〉
.
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Taking t′ = 1
‖∆C‖F

∈ (0, 1], for any ‖∆C‖F > 1 and any B, we have

〈vec(∇CLn(B, Ĉ)−∇CLn(B,C∗)), δC〉 ≥ αC‖δC‖2. (S7.10)

Combining (S7.9) and (S7.10), we show that Ln(B,C) satisfies the RSC

conditions (S9.29) and (S9.30) with respect to C for any B. Next, following

the proof of Lemma S9.1 from Loh and Wainwright (2015), we can prove

‖δC‖2 ≤ 3(‖C∗‖2 + 1)2/2. For completeness, we prove it as follows.

By (S7.3) and (S7.10), we have

〈
vec(−λCf2(Ĉ)−∇CLn(B̂,C∗)), δC

〉
≥ αC‖δC‖2.

By Hölder’s inequality and the triangle inequality, we also have

〈
vec(−λCf2(Ĉ)−∇CLn(B̂,C∗)), δC

〉
≤ 3

2
λC‖δC‖1.

Combining the above two inequalities yields

‖δC‖2 ≤
3‖δC‖1λC

2αC
≤ 3RλC

2αC
. (S7.11)

With our choice of λC and R, and large enough nXX , nXY , nY Y , we have

‖δC‖2 ≤ 3(‖C∗‖2+1)2/2. Since
√∑q

i=1 |λi(∆
C)|2 ≤ ‖∆C‖F , where λi(∆

C)

denotes all the q eigenvalues of ∆C , we have λmin(∆C) ≤ 3(‖C∗‖2+1)2

2q
. Thus

with large enough q, αB = λmin(ΣXX)(λmin(C∗) − λmin(∆C)) is bounded

away from 0 by Condition A4.
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Denote ∆Y Y = ΣY Y −Σ̂Y Y . Theorem 3.1 implies that with probability

at least 1− 4
p
− 4

pq
− 4

q
, we have

‖∆XX‖∞ ≤ v′1

√
log p

nXX
; (S7.12)

‖∆XY ‖∞ ≤ v′2

√
log(pq)

nXY
; (S7.13)

‖∆Y Y ‖∞ ≤ v′3

√
log q

nY Y
. (S7.14)

By inequalities (S7.12), (S7.13), (S7.14) and Condition A3, with prob-

ability at least 1− 4
p
, it holds that

ε̃Bn = 2‖∆XX‖∞‖Ĉ‖∞ .v′1

(
log p

nXX

) 1
2
−γ2

.

Thus when nXX and q are large enough, αB−16ε̃Bn sB is bounded away from

0. Then by (S7.8), it holds with probability at least 1− 4
p
− 4

pq
that

‖δB‖2 . λ̃B
√
sB.

By (S7.7), it holds with probability at least 1− 4
p
− 4

pq
that

‖δB‖1 .
√
sB ‖δB‖2 . λ̃BsB, (S7.15)

where λ̃B is as stated in (S7.5). Next, we show that the upper bound of

‖C∗− Ĉ‖1 can also be expressed as a function of ‖B̂−B∗‖1. By (S7.3) and

(S7.9), we have

αC‖δC‖2
2 ≤ λC‖C∗‖1 − λC‖Ĉ‖1 − 〈vec(∇CLn(B̂,C∗)), δC〉.
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By (S7.12), (S7.13) and (S7.14), it holds with probability at least 1 − 4
p
−

4
pq
− 4

q
that

∥∥∥∇CLn(B̂,C∗)
∥∥∥
∞

=
∥∥∥Σε − Σ̂0

∥∥∥
∞

≤‖Σε − Σ̂Y Y + 2Σ̂>XY B∗ −B∗>Σ̂XXB∗‖∞ +
∥∥∥Σ̂Y Y − 2Σ̂>XY B∗ + B∗>Σ̂XXB∗−

(Σ̂Y Y − 2Σ̂>XY B̂ + B̂>Σ̂XXB̂)
∥∥∥
∞

.‖B∗‖2
L1

√
log(pq)

min(nXX , nXY )
+ ‖δB‖1.

Then, with probability at least 1− 4
p
− 4

pq
− 4

q
, it holds that

‖δC‖2 .
√
sC‖C∗‖2

2‖B∗‖2
L1

√
log(pq)

min(nXX , nXY )
+
√
sC‖C∗‖2

2‖δB‖1. (S7.16)

By Lemma S9.3, we have

‖δC‖1 =
∥∥∥vec

(
∆C
)
SC

∥∥∥
1

+
∥∥∥vec

(
∆C
)
SCC

∥∥∥
1

.4
∥∥∥vec

(
∆C
)
SC

∥∥∥
1

.
√
sC ‖δC‖2 .

(S7.17)

Finally, we combine (S7.15), (S7.16) and (S7.17) to show the upper

bounds of the estimation errors of Ĉ and B̂.

By (S7.5), (S7.16) and (S7.17, with large enough nXX , nXY , it holds
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with probability at least 1− 4
p
− 4

pq
− 4

q
that

‖δC‖1

.sC‖C∗‖2
2‖B∗‖2

L1

√
log(pq)

min(nXX , nXY )
+ sBsC‖C∗‖2

2

 (log p)1/2

min
(
n

1−τ1/2
XX , n

1−τ2/2
XY

)
(‖B∗C∗‖L1 + ‖B∗‖L1‖δC‖1) + max {λmax(C∗), 1/λmin(C∗)}

{
log(pq)

nXY

}1/2

(1 + ‖δC‖1)

)

.‖C∗‖2
2sC

‖B∗‖2
L1

+
‖B∗C∗‖L1sB

min
(
n

1/2−τ1/2
XX , n

1/2−τ2/2
XY

)
√ log(pq)

min(nXX , nXY )

+ ‖δC‖1sBsC‖C∗‖2
2

 (log p)1/2‖B∗‖L1

min
(
n

1−τ1/2
XX , n

1−τ2/2
XY

) + max {λmax(C∗), 1/λmin(C∗)}

{
log(pq)

nXY

}1/2
)
.

With large enough nXX , nXY , we have sBsC‖C∗‖2
2(

(log p)1/2‖B∗‖L1

min
(
n
1−τ1/2
XX ,n

1−τ2/2
XY

)+

max {λmax(C∗), 1/λmin(C∗)}{ log(pq)
nXY
}1/2) = o(1), so we have

‖δC‖1

.‖C∗‖2
2sC

‖B∗‖2
L1

+
‖B∗C∗‖L1sB

min
(
n

1/2−τ1/2
XX , n

1/2−τ2/2
XY

)
√ log(pq)

min(nXX , nXY )

.λCsC .

(S7.18)

By choosing large enough nXX , nXY and nY Y , it holds with probability
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at least 1− 4
p
− 4

pq
− 4

q
that

‖δC‖1 . 1. (S7.19)

By (S7.16) and (S7.19), it holds with probability at least 1− 4
p
− 4

pq
− 4

q
that

‖δC‖2

.
√
sC‖C∗‖2

2‖B∗‖2
L1

√
log(pq)

min(nXX , nXY )
+ sB

√
sC‖C∗‖2

2

 (log p)1/2

min
(
n

1−τ1/2
XX , n

1−τ2/2
XY

)
(‖B∗C∗‖L1 + ‖B∗‖L1‖δC‖1) + max {λmax(C∗), 1/λmin(C∗)}

{
log(pq)

nXY

}1/2

(1 + ‖δC‖1)

)

.‖C∗‖2
2

√
sC

‖B∗‖2
L1

+
‖B∗C∗‖L1sB

min
(
n

1/2−τ1/2
XX , n

1/2−τ2/2
XY

)
√ log(pq)

min(nXX , nXY )

.λC
√
sC .

By Lemma S9.5 and (S7.19), with probability at least 1− 4
p
− 4

pq
− 4

q
, we

have ‖∇BLn(B∗, Ĉ)‖∞ . λB. Then by (S7.15), it holds with probability at

least 1− 4
p
− 4

pq
− 4

q
that

‖δB‖2
2

≤λB‖B∗‖1 − λB‖B̂‖1 + ‖∇BLn(B∗, Ĉ)‖∞‖δB‖1

.λB‖B∗‖1 − λB‖B̂‖1 + λB‖δB‖1

.λB
√
sB‖δB‖2.
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So with probability at least 1− 4
p
− 4

pq
− 4

q
, it holds that

‖δB‖2 . λB
√
sB,

and

‖δB‖1 . λBsB.

This completes the proof.

S8 Proof of Theorem 3.5

We use a similar argument as the proof of Theorem 6 in Yu et al. (2020).

We first transfer the objective function. Then we show the upper bounds

of ‖(ΓSBSB)−1‖L∞ and
∥∥∥γ̂SCB − Γ̂SCBSB

β∗SB

∥∥∥
∞

. We use them to show that

‖β̂SB − βSB
∗‖∞ < minj∈SB |β

∗
j | with probability close to 1. Then we show

that
∥∥∥γ̂SCB − Γ̂SCBSB

β̂SB

∥∥∥
∞
≤ λB with probability close to 1.

By properties of trace and vectorization, we can rewrite (2.5) as

(B̂, Ĉ)

= arg min
C∈Sq×q

+ ,B

{
tr
[
CΣ̂Y Y

]
+ tr

[
B>Σ̂XXBC

]
− 2 tr

[
B>Σ̂XY C

]
+ λB‖B‖1 + λC‖C‖1 − log detC

}
=arg min

C∈Sq×q
+ ,B

{
tr
[
CΣ̂Y Y

]
+ vec (B)>

(
C⊗ Σ̂XX

)
vec (B)− 2 vec(B)> vec

(
Σ̂XY C

)
+ λB‖B‖1+

λC‖C‖1 − log detC} .
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Denote β = vec(B), (2.5) is equivalent to solving

(β̂, Ĉ) = arg min
β,C∈Sq×q+

{
tr
[
CΣ̂Y Y

]
− log det C− 2β> vec(Σ̂XY C)

+β>
(
C⊗ Σ̂XX

)
β + λB‖β‖1 + λC‖C‖1

}
,

(S8.20)

For an optimal solution (β̂, Ĉ) to (S8.20), β̂ should satisfy

β̂ = arg min
β

{
−2β>γ̂ + β>Γ̂β + λB‖β‖1

}
, (S8.21)

where Γ̂ = Ĉ⊗Σ̂XX and γ̂ = vec(Σ̂XY Ĉ). This can be proved by contradic-

tion. If β̂ does not satisfy (S8.21), let β1 to be a solution of (S8.21). Denote

Ln(β,C) = tr
[
CΣ̂Y Y

]
− log det C−2β> vec(Σ̂XY C)+β>

(
C⊗ Σ̂XX

)
β+

λB‖β‖1 + λC‖C‖1. Then

Ln(β̂, Ĉ)− Ln(β1, Ĉ)

=
(

2β̂
>
γ̂ + β̂

>
Γ̂β̂ + λB‖β̂‖1

)
−
(

2β>1 γ̂ + β>1 Γ̂β1 + λB‖β1‖1

)
>0,

which is a contradiction. Thus β̂ should satisfy (S8.21). Since Ĉ is the

optimal solution to (S8.20), it is positive definite. By our construction,

Σ̂XX is also positive definite. Thus (S8.21) is a strictly convex problem,

which has a unique solution. Thus β̂ is the unique solution to (S8.21).

By the Karush–Kuhn–Tucker (KKT) conditions of (S8.21), we know

that β̂ is a solution to (S8.21) if there exists a subgradient ωB ∈ Rpq such
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that

γ̂ − Γ̂β̂ = λBω
B, (S8.22)

where ωBj = sign(β̂j) if β̂j 6= 0, and ωBj ∈ [−1, 1] if β̂j = 0.

First, we show that for j ∈ SB, with high probability, there exists a

solution β̂ to (S8.21) s.t.

∥∥∥β̂SB − β∗SB∥∥∥∞ < min
j∈SB
|β∗j |,

where β̂SB is the sub-vector of β̂ with indices in SB. Then letting β̂SCB = 0,

we show that β̂ also satisfies the KKT conditions with high probability for

j 6∈ SB. Then, by construction, sign(β̂) = sign(β∗). Define events A1 =

{‖β̂SB − β
∗
SB
‖∞ < minj∈SB |β∗j |} and A2 = {‖γ̂SCB− Γ̂SCBSB

β̂SB‖∞ ≤ λB},

where β∗ = vec(B∗). We show that P (A1) and P (A2) are close to 1.

Denote V = ‖(ΓSBSB)−1‖L∞ , where Γ := C∗ ⊗ΣXX . Since∥∥∥∥(Γ̂SBSB

)−1

− (ΓSBSB)−1

∥∥∥∥
L∞

≤
∥∥(ΓSBSB)−1

∥∥
L∞

∥∥∥∥(Γ̂SBSB

)−1
∥∥∥∥
L∞

∥∥∥Γ̂SBSB − ΓSBSB

∥∥∥
L∞

≤
∥∥(ΓSBSB)−1

∥∥
L∞

(∥∥(ΓSBSB)−1
∥∥
L∞

+

∥∥∥∥(Γ̂SBSB

)−1

− (ΓSBSB)−1

∥∥∥∥
L∞

)
∥∥∥Γ̂SBSB − ΓSBSB

∥∥∥
L∞

=V

(
V +

∥∥∥∥(Γ̂SBSB

)−1

− (ΓSBSB)−1

∥∥∥∥
L∞

)∥∥∥Γ̂SBSB − ΓSBSB

∥∥∥
L∞

,
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by some algebra, we have,

∥∥∥∥(Γ̂SBSB

)−1

− (ΓSBSB)−1

∥∥∥∥
L∞

≤
V 2
∥∥∥Γ̂SBSB − ΓSBSB

∥∥∥
L∞

1− V
∥∥∥Γ̂SBSB − ΓSBSB

∥∥∥
L∞

≤
sBV

2
∥∥∥Γ̂SBSB − ΓSBSB

∥∥∥
∞

1− sBV
∥∥∥Γ̂SBSB − ΓSBSB

∥∥∥
∞

,

and

∥∥∥∥(Γ̂SBSB

)−1
∥∥∥∥
L∞

≤V +
sBV

2
∥∥∥Γ̂SBSB − ΓSBSB

∥∥∥
∞

1− sBV
∥∥∥Γ̂SBSB − ΓSBSB

∥∥∥
∞

=
V

1− sBV
∥∥∥Γ̂SBSB − ΓSBSB

∥∥∥
∞

.

By Theorem 3.4, with probability at least 1− 4
p
− 4

pq
− 4

q
, it holds that

∥∥∥Ĉ−C∗
∥∥∥

1
. λCsC , (S8.23)

where λC = C‖C∗‖2
2[‖B∗‖2

L1
+ sB‖B∗C∗‖L1/min(n

1/2−τ1/2
XX , n

1/2−τ2/2
XY )](log(p

q)/min(nXX , nXY ))1/2. Denote ∆C = Ĉ −C∗. By (S8.23) and Condition

A3, with probability at least 1− 4
p
− 4

pq
− 4

q
, it holds that

∥∥∥Γ̂− Γ
∥∥∥
∞
≤
(
‖C∗‖∞ + ‖∆C‖∞

)
‖Σ̂XX −ΣXX‖∞ .

(
log p

nXX

) 1
2
−γ2

.

(S8.24)

Define γ := vec(ΣXY C∗). Then, with probability at least 1− 4
p
− 4

pq
− 4

q
,
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it holds that∥∥∥γ̂SB − Γ̂SBSBβ
∗
SB

∥∥∥
∞
≤
∥∥γ̂SB − γSB∥∥∞ +

∥∥∥(ΓSBSB − Γ̂SBSB

)
β∗SB

∥∥∥
∞

≤
∥∥γ̂SB − γSB∥∥∞ +

∥∥∥ΓSBSB − Γ̂SBSB

∥∥∥
∞

∥∥β∗SB∥∥∞
≤
∥∥γ̂SB − γSB∥∥∞ + sB‖B∗‖∞

∥∥∥Γ̂SBSB − ΓSBSB

∥∥∥
∞
.

By (S8.23), with probability at least 1− 4
p
− 4

pq
− 4

q
, it holds that

‖γ̂ − γ‖∞

≤
(
‖C∗‖L∞ + ‖∆C‖L∞

)
‖Σ̂XY −ΣXY ‖∞

.

(
log(pq)

nXY

) 1
2
−γ2

. (S8.25)

Since β̂SB = (Γ̂SBSB)−1γ̂SB−λB(Σ̂XX,SBSB)−1 sign(β̂SB), sB
λB

( log p
nXX

)
1
2
−γ1−γ2 =

O(1), 1
λB

( log(p+q)
nXY

)
1
2
−γ2 = O(1), sBV ( log p

nXX
)
1
2
−γ2 = O(1), with probability at

least 1− 4
p
− 4

pq
− 4

q
, it holds that∥∥∥β̂SB − β∗SB∥∥∥∞ =

∥∥∥∥(Γ̂SBSB

)−1

γ̂SB − λB
(
Γ̂SBSB

)−1

· sign
(
β̂SB

)
− β∗SB

∥∥∥∥
∞

≤
∥∥∥∥(Γ̂SBSB

)−1

γ̂SB − β
∗
SB

∥∥∥∥
∞

+ λB

∥∥∥∥(Γ̂SBSB

)−1
∥∥∥∥
L∞

≤
(∥∥∥γ̂SB − Γ̂SBSBβ

∗
SB

∥∥∥
∞

+ λB

)
·
∥∥∥∥(Γ̂SBSB

)−1
∥∥∥∥
L∞

≤
(∥∥γ̂SB − γSB∥∥∞ + sB‖B∗‖∞

∥∥∥Γ̂SBSB − ΓSBSB

∥∥∥
∞

+ λB

)
V

1− sBV
∥∥∥Γ̂SBSB − ΓSBSB

∥∥∥
∞

≤ 2λBV

1− sBV
∥∥∥Γ̂SBSB − ΓSBSB

∥∥∥
∞

≤ 4λBV < min
j∈SB
|β∗j |,
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for sufficiently large p, q, nXX ,nXY and nY Y . The last step holds because we

assume that λBV/minj∈SB |β
∗
j | = o(1). Thus we have P (A1) ≥ 1− 4

p
− 4
pq
− 4
q

for sufficiently large p, q, nXX ,nXY and nY Y .

For ‖Γ̂SCBSB

(
Γ̂SBSB

)−1

− ΓSCBSB
(ΓSBSB)−1 ‖L∞ , we have

∥∥∥∥Γ̂SC
B
SB

(
Γ̂SBSB

)−1

− ΓSC
B
SB

(ΓSBSB )−1

∥∥∥∥
L∞

≤
∥∥∥∥ΓSC

B
SB

((
Γ̂SBSB

)−1

− (ΓSBSB )−1

)∥∥∥∥
L∞

+

∥∥∥∥(Γ̂SC
B
SB
− ΓSC

B
SB

)(
Γ̂SBSB

)−1
∥∥∥∥
L∞

≤
∥∥∥ΓSC

B
SB

(ΓSBSB )−1
∥∥∥
L∞
·
∥∥∥ΓSBSB − Γ̂SBSB

∥∥∥
L∞
·
∥∥∥∥(Γ̂SBSB

)−1
∥∥∥∥
L∞

+

∥∥∥∥(Γ̂SBSB

)−1
∥∥∥∥
L∞

·
∥∥∥Γ̂SC

B
SB
− ΓSC

B
SB

∥∥∥
L∞

≤
∥∥∥∥(Γ̂SBSB

)−1
∥∥∥∥
L∞

·
(∥∥∥Γ̂SBSB − ΓSBSB

∥∥∥
L∞

+
∥∥∥Γ̂SC

B
SB
− ΓSC

B
SB

∥∥∥
L∞

)

≤ 2sBV ‖Γ̂− Γ‖∞
1− sBV ‖Γ̂− Γ‖∞

. (S8.26)

Since β̂SB = (Γ̂SBSB)−1γ̂SB−λB(Σ̂XX,SBSB)−1 ·sign(β̂SB), with probability

at least 1− 4
p
− 4

pq
− 4

q
, it holds that

∥∥∥γ̂SCB − Γ̂SCBSB
β̂SB

∥∥∥
∞

≤
∥∥∥∥γ̂SCB − Γ̂SCBSB

(
Γ̂SBSB

)−1

γ̂SB

∥∥∥∥
∞

+ λB

∥∥∥∥Γ̂SCBSB

(
Γ̂SBSB

)−1
∥∥∥∥
L∞

≤
∥∥∥γ̂SCB − γSCB∥∥∥∞ +

∥∥∥∥(ΓSCBSB
(ΓSBSB)−1 − Γ̂SCBSB

(
Γ̂SBSB

)−1
)
γSB

∥∥∥∥
∞

+

∥∥∥∥Γ̂SCBSB

(
Γ̂SBSB

)−1 (
γSB − γ̂SB

)∥∥∥∥
∞

+ λB

∥∥∥∥Γ̂SCBSB

(
Γ̂SBSB

)−1
∥∥∥∥
L∞

≤
∥∥∥γ̂SCB − γSCB∥∥∥∞

(I)

+

∥∥∥∥(ΓSCBSB
(ΓSBSB)−1 − Γ̂SCBSB

(
Γ̂SBSB

)−1
)

ΓSBSBβ
∗
SB

∥∥∥∥
∞

(II)
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+

∥∥∥∥Γ̂SCBSB

(
Γ̂SBSB

)−1 (
γSCB − γ̂SCB

)∥∥∥∥
∞

+ λB

∥∥∥∥Γ̂SCBSB

(
Γ̂SBSB

)−1
∥∥∥∥
L∞

(III)

.

By Condition A3, Condition A5, (S8.24), (S8.25) and (S8.26), with

probability at least 1− 4
p
− 4

pq
− 4

q
, it holds that

(I) .

(
log(pq)

nXY

) 1
2
−γ2

,

(II) ≤sB‖B∗‖∞‖Γ̂− Γ‖∞
(

1 +

∥∥∥∥Γ̂SCBSB

(
Γ̂SBSB

)−1
∥∥∥∥
L∞

)
.sB

(
log p

nXX

) 1
2
−γ1−γ2

(
2− η +

2sBV ‖Γ̂− Γ‖∞
1− sBV ‖Γ̂− Γ‖∞

)
,

(III) ≤
(
λB +

∥∥∥γSCB − γ̂SCB∥∥∥∞)
∥∥∥∥Γ̂SCBSB

(
Γ̂SBSB

)−1
∥∥∥∥
L∞

.

(
λB +

(
log(pq)

nXY

) 1
2
−γ2
)(

1− η +
2sBV ‖Γ̂− Γ‖∞

1− sBV ‖Γ̂− Γ‖∞

)
.

Since sB
λB

( log p
nXX

)
1
2
−γ1−γ2 = O(1), 1

λB
( log(p+q)

nXY
)
1
2
−γ2 = O(1), and sBV ( log p

nXX
)
1
2
−γ2 =

O(1), when p, q, nXY , nXX and nY Y are sufficiently large, with probability

at least 1− 4
p
− 4

pq
− 4

q
, it holds that

(I)

λB
≤ η

4
,

(II)

λB
≤ η

4
,
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(III)

λB
≤ 1

λB

(
λB +

∥∥∥γSCB − γ̂SCB∥∥∥∞)
(

1− η +
2sBV ‖Γ̂− Γ‖∞

1− sBV ‖Γ̂− Γ‖∞

)

=1− η +
1

λB

2sBV ‖Γ̂− Γ‖∞
1− sBV ‖Γ̂− Γ‖∞

+
1

λB

∥∥∥γSCB − γ̂SCB∥∥∥∞ (1− η+(
2sBV ‖Γ̂− Γ‖∞

1− sBV ‖Γ̂− Γ‖∞

)

≤1− η

2
.

Thus, with probability at least 1− 4
p
− 4

pq
− 4

q
, it holds that

∥∥∥γ̂SCB − Γ̂SCBSB
β̂SB

∥∥∥
∞

λB
=

(I) + (II) + (III)

λB
≤ η

4
+
η

4
+ 1− η

2
= 1.

Therefore, P (A2) = P
(
‖γ̂C

SCB
− Γ̂C

SCBSB
β̂SB‖∞ ≤ λB

)
≥ 1− 4

p
− 4

pq
− 4

q
.

Since P (‖β̂SB−β
∗
SB
‖∞ < minj∈SB |β

∗
j |) ≥ 1− 4

p
− 4
pq
− 4
q
, with probability

at least 1 − 4
p
− 4

pq
− 4

q
it holds that |β̂j − β∗j | < |β∗j | for j ∈ SB. Thus,

we have P (sign(β̂SB) = sign(β∗SB)) ≥ 1 − 4
p
− 4

pq
− 4

q
. Let β̂ ∈ Rpq which

satisfies β̂SCB = 0 and β̂SB = β̂SB . Since P (‖γ̂C
SCB
− Γ̂C

SCBSB
β̂SB‖∞ ≤ λB) ≥

1− 4
p
− 4

pq
− 4

q
, β̂ satisfies (S8.22) with probability at least 1− 4

p
− 4

pq
− 4

q
.

Thus, we have verified that sign(β̂) = sign(β∗) with high probability. This

completes the proof.
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S9 Supporting lemmas

Lemma S9.1. (Lemma 1 from Cai et al. (2013)) Let ξ1, . . . , ξn be indepen-

dent random variables with mean zero. Suppose that there exists some t > 0

and B̄n such that
∑n

k=1E
{
ξ2
ke
t|ξk|
}
6 B̄2

n. Then uniformly for 0 < x 6 B̄n,

pr

(
n∑
k=1

ξk > CtB̄nx

)
6 exp

(
−x2

)
,

where Ct = t+ t−1.

Lemma S9.2. (Lemma 1 from Ravikumar et al. (2011)) Consider a zero-

mean random vector X = (X1, . . . , Xp)
> with covariance Σ = (σij) such

that Xj/
√
σjj is sub-Gaussian with parameter L for 1 ≤ j ≤ p. Let {Xi}ni=1

be i.i.d. samples of X, the sample covariance Σ̂ = (σ̂ij) satisfies the tail

bound that

P (|σ̂jt − σjt| ≥ δ) ≤ 4 exp

{
− nδ2

128 (1 + 4L2)2 maxj (σjj)
2

}
,

for all δ ∈ (0, 8 maxj (σjj) (1 + 4L2)).

Lemma S9.3. (Lemma 1 of Negahban et al. (2012)) Suppose that L is a

convex and differentiable function and consider any optimal solution θ̂λn to

the following optimization problem

θ̂λn ∈ arg min
θ∈Rp
{L (θ; Zn

1 ) + λnR(θ)} ,
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where λn > 0 is a constant and R : Rp → R+ is a decomposable norm. For

a given inner product 〈·, ·〉, define the dual norm of R as

R∗(v) := sup
u∈Rp\{0}

〈u,v〉
R(u)

= sup
R(u)≤1

〈u,v〉.

If λn ≥ 2R∗ (∇L (θ∗; Zn
1 )) and for any pair of sets (M,M⊥

) over which R

is decomposable, the error ∆̂ = θ̂λn − θ∗ belongs to the set

S
(
M,M⊥

;θ∗
)

:=
{
∆ ∈ Rp | R

(
∆M⊥

)
≤ 3R (∆M) + 4R (θ∗M⊥)} .

Lemma S9.4. Under assumptions of Theorem 3.4, ∆B = B̂−B∗ belongs

to the set

CB :=
{

∆B ∈ Rp×q
∣∣∣∥∥∥∆B

SCB

∥∥∥
1
≤ 3

∥∥∆B
SB

∥∥
1

}
, (S9.27)

and ∆C = Ĉ−C∗ belongs to the set

CC :=
{

∆C ∈ Rq×q
∣∣∣∥∥∥∆C

SCC

∥∥∥
1
≤ 3

∥∥∆C
SC

∥∥
1

}
. (S9.28)

Proof of Lemma S9.4. Since Y = XB∗ + E , we have

ΣY Y = Cov(Y,Y) = Cov(XB∗ + E,XB∗ + E) = B∗>ΣXXB∗ + Cov(E , E)

= B∗>ΣXXB∗ + C∗−1,

ΣXY = Cov(X,Y) = Cov(X,XB∗ + E) = ΣXXB∗.

Thus, by Theorem 3.1 and Condition A3, it holds with probability at least
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1− 4
p
− 4

pq
− 4

q
that

‖∇BLn(B∗,C∗)‖∞

=
∥∥∥2C∗>B∗>Σ̂XX − 2C∗>Σ̂>XY

∥∥∥
∞

=
∥∥∥2C∗>B∗>∆XX − 2C∗>∆XY >

∥∥∥
∞

≤2‖C∗‖L1(‖B∗‖L1‖∆XX‖∞ + ‖∆XY ‖∞)

.max

{(
log p

nXX

) 1
2
−γ1−γ2

,

(
log(pq)

nXY

) 1
2
−γ2
}

.λB,

and

‖∇CLn(B∗,C∗)‖∞

=
∥∥∥B∗>Σ̂XXB∗ + Σ̂Y Y −C∗−1 − 2B∗>Σ̂XY

∥∥∥
∞

=
∥∥∥B∗>∆XXB∗ + ∆Y Y − 2B∗>∆XY

∥∥∥
∞

≤‖B∗‖2
L1
‖∆XX‖∞ + ‖∆Y Y ‖∞ + 2‖B∗‖L1‖∆XY ‖∞

.max

{(
log p

nXX

) 1
2
−2γ1

,

(
log(pq)

nXY

) 1
2
−γ1

,

(
log q

nY Y

) 1
2

}

.λC .

Since L1 penalty is decomposable, by applying Lemma S9.3, we have∥∥∥∆B
SCB

∥∥∥
1
≤ 3‖∆B

SB
‖1 + 4‖B∗SCB‖1 = 3‖∆B

SB
‖1,

∥∥∥∆C
SCC

∥∥∥
1
≤ 3‖∆C

SC
‖1 + 4‖C∗SCC ‖1 = 3‖∆B

SC
‖1.
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Theorem S9.1. (Theorem 1 of Loh and Wainwright (2015)) Consider the

optimization problem

β̃ = arg min
‖β‖1≤R,β∈Ω

Ln(β) + λ‖β‖1,

where Ω is some convex set and the empirical loss Ln satisfies the RSC

conditions

〈∇Ln (β∗ + ∆)−∇Ln (β∗) ,∆〉 ≥


α1‖∆‖22 − τ1

log p

n
‖∆‖21, ∀‖∆‖2 ≤ 1;(S9.29)

α2‖∆‖2 − τ2
√

log p

n
‖∆‖1, ∀‖∆‖2 ≥ 1;(S9.30)

α1, α2 are positive constants and τ1, τ2 are non-negative constants. Suppose

n ≥ 16R2 max(τ21 ,τ22 )
α2
2

log p, ‖β∗‖1 ≤ R and

4

L
max

{
‖∇Ln (β∗)‖∞ , α2

√
log p

n

}
≤ λ ≤ α2

6RL
,

where L is a constant. Then for any vector β̃ with ‖β̃‖1 ≤ R and satisfies

the first-order necessary condition〈
∇Ln(β̃) +∇‖β̃‖1,β − β̃

〉
≥ 0, for all ‖β‖1 ≤ 1,

it holds that ∥∥∥β̃ − β∗∥∥∥
2
≤ 6λ

√
k

4α1

, and
∥∥∥β̃ − β∗∥∥∥

1
≤ 24λk

4α1

,

where k = ‖β∗‖0.

Lemma S9.5. Let nXX/Y � nτ1XX and nXY/X � nτ2XY with τ1, τ2 ∈ {−∞}∪

[0, 1], δC = vec(C∗−Ĉ), 1−α1 = O(
√

log p/nX), 1−α2 = O(
√

log p/nXX)
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and 1 − α3 = O(
√

log(pq)/nXY ). With probability at least 1 − 4
p
− 4

pq
, we

have

∥∥∥∇B

{
tr[ĈΣ̂YY + B∗ĈB∗>Σ̂XX − 2ĈB∗>Σ̂XY]− log det(Ĉ)

}∥∥∥
∞

.
(log p)1/2

min
(
n

1−τ1/2
XX , n

1−τ2/2
XY

)(‖B∗C∗‖L1 + ‖B∗‖L1‖δC‖1)

+ max {λmax(C∗), 1/λmin(C∗)}
{

log(pq)

nXY

}1/2

(1 + ‖δC‖1).

Proof. Denote ∆Y Y = ΣY Y − Σ̂Y Y , Theorem 3.1 implies that with proba-

bility at least 1− 4
p
− 4

pq
− 4

q
, we have

‖∆XX‖∞ ≤ v′1

√
log p

nXX
; (S9.31)

‖∆XY ‖∞ ≤ v′2

√
log(pq)

nXY
; (S9.32)

‖∆Y Y ‖∞ ≤ v′3

√
log q

nY Y
. (S9.33)

Define ỹij and x̃ij to be the underlying complete data without missing

entries. Define the observed-data indicator matrix as MX = (mX
ij ) and

MY = (mY
ij) such that mX

ij = 1 when xij is observed, mX
ij = 0 when xij

is missing, mY
ij = 1 when yij is observed and mY

ij = 0 when yij is missing.

Then we can write the observed data as xij = mX
ij x̃ij, yij = mY

ij ỹij. Define



Haodong Wang, Quefeng Li and Yufeng Liu

αXXij to be the adjusting weight we use to estimate (Σ̂XX)ij, that is

αXXij =


1 if i = j;

α1 if i 6= j, i and j are in the same modality;

α2 if i and j are in different modalities.

Then we have∥∥∥∇B

{
tr[ĈΣ̂YY + B∗ĈB∗>Σ̂XX − 2ĈB∗>Σ̂XY]− log det(Ĉ)

}∥∥∥
∞

=
∥∥∥2Ĉ>B∗>Σ̂XX − 2Ĉ>Σ̂>XY

∥∥∥
∞
.

(S9.34)

When either Y or X has missing entries, we have

(Σ̂XXB∗ − Σ̂XY )ij

=

p∑
l=1

αXXil
∑

k∈SXXil
xkixkl

nXXil
B∗lj −

α3

∑n
k∈SXYij

xkim
Y
kj ỹkj

nXYij

=(Σ̂XXB∗ − Σ̂XX̃B∗)ij − (Σ̂Xε)ij,

where (Σ̂XX̃)ij = α3

∑
k∈SXYij

xkix̃kj/n
XY
ij , and (Σ̂Xε)ij = α3

∑
k∈SXYij

xkiεkj/n
XY
ij .

Then by (S9.34) we have

∥∥∥∇B

{
tr[ĈΣ̂YY + B∗ĈB∗>Σ̂XX − 2ĈB∗>Σ̂XY]− log det(Ĉ)

}∥∥∥
∞

=2
∥∥∥(Σ̂XX − Σ̂XX̃)B∗Ĉ− Σ̂XεĈ

∥∥∥
∞

≤2
∥∥∥(Σ̂XX − Σ̂XX̃)B∗C∗

∥∥∥
∞

+ 2
∥∥∥(Σ̂XX − Σ̂XX̃)B∗(C∗ − Ĉ)

∥∥∥
∞

+2
∥∥∥Σ̂XεC

∗
∥∥∥
∞

+ 2
∥∥∥Σ̂Xε(C

∗ − Ĉ)
∥∥∥
∞
.
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We first derive an upper bound for the first term ‖(Σ̂XX−Σ̂XX̃)B∗C∗‖∞.

Define SXXYjkl = {i : xij, xik and yil are not missing} and nXXYjkl = |SXXYjkl |.

When n
XX/Y
ijl 6= 0 and n

XY/X
ilj 6= 0, for each entry in matrix Σ̂XX−Σ̂XX̃

and 1 ≤ l ≤ q, with probability at least 1− 4
p3

, we have

(Σ̂XX − Σ̂XX̃)ij

=
1

nXXYijl

∑
k∈SXXYijl

XikXjk

nXXYijl (αXXij nXXij − α3n
XY
il )

nXXij nXYil

+
1

n
XX/Y
ijl

∑
k∈SXX/Yijl

XikXjk

αXXij n
XX/Y
ijl

nXXij
− 1

n
XY/X
ilj

∑
k∈SXY/Xilj

XikXjk

α3n
XY/X
ilj

nXYil

≤

 1

nXXYijl

∑
k∈SXXYijk

XikXjk −ΣXX,ij

 nXXYijl (αXXij nXXij − α3n
XY
il )

nXXij nXYil

+

 1

n
XX/Y
ijl

∑
k∈SXX/Yijl

XikXjk −ΣXX,ij

 αXXij n
XX/Y
ijl

nXXij

−

 1

n
XY/X
ilj

∑
k∈SXY/Xilj

XikXjk −ΣXX,ij

 α3n
XY/X
ilj

nXYil
+ 2(1− αXXij ) + 2(1− α3)

.

√
log p

nXXYijl

nXXYijl (nXXij − nXYil )

nXXij nXYil
+

√
log p

n
XX/Y
ijl

n
XX/Y
ijl

nXXij
+

√
log p

n
XY/X
ilj

n
XY/X
ilj

nXYil
+ αXXij − α3

.
√

log pmax

[
max
ijl

(
(n

XX/Y
ijl )1/2

nXXij

)
,max

ijl

(
(n

XY/X
ilj )1/2

nXYil

)]
− (1− αXXij ) + (1− α3)

.
(log p)1/2

min
(
n

1−τ1/2
XX , n

1−τ2/2
XY

) ,
where τ1, τ2 ∈ [0, 1].

When n
XX/Y
ijl = 0 and n

XY/X
ilj 6= 0, for each entry in matrix Σ̂XX−Σ̂XX̃
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and 1 ≤ l ≤ q, with probability at least 1− 4
p3

, we have

(Σ̂XX − Σ̂XX̃)ij

=
1

nXXYijl

∑
k∈SXXYijl

XikXjk

nXXYijk (αXXij nXXij − α3n
XY
il )

nXXij nXYil

− 1

n
XY/X
ilj

∑
k∈SXY/Xilj

XikXjk

α3n
XY/X
ilj

nXYil

.
(log p)1/2

min
(
n

1−τ1/2
XX , n

1−τ2/2
XY

) ,
where τ2 ∈ [0, 1], τ1 ∈ {−∞} ∪ [0, 1].

When n
XX/Y
ijl 6= 0 and n

XY/X
ijl = 0, for each entry in matrix Σ̂XX−Σ̂XX̃

and 1 ≤ l ≤ q, with probability at least 1− 4
p3

, we have

(Σ̂XX − Σ̂XX̃)ij

=
1

nXXYijl

∑
k∈SXXYijl

XikXjk

nXXYijk (αXXij nXXij − α3n
XY
il )

nXXij nXYil

+
1

n
XX/Y
ijl

∑
k∈SXX/Yijl

XikXjk

αXXij n
XX/Y
ijl

nXXij

.
(log p)1/2

min
(
n

1−τ1/2
XX , n

1−τ2/2
XY

) ,
where τ1 ∈ [0, 1], τ2 ∈ {−∞} ∪ [0, 1].

When n
XX/Y
ijl = n

XY/X
ijl = 0, nXXYijl = nXXij = nXYil . Then for each entry

in matrix Σ̂XX − Σ̂XX̃ and 1 ≤ l ≤ q, with probability at least 1− 4
p3

, we
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have

(Σ̂XX − Σ̂XX̃)ij

=
(αXXij − α3)

nXXYijl

∑
k∈SXXYijl

XikXjk

.max(1− α1, 1− α2, 1− α3)

√
log p

nXXYijl

.
(log p)1/2

min
(
n

1−τ1/2
XX , n

1−τ2/2
XY

) ,
where τ1, τ2 ∈ {−∞} ∪ [0, 1].

If we combine the above four cases, for each entry in matrix Σ̂XX−Σ̂XX̃

and 1 ≤ l ≤ q, with probability at least 1− 4
p3

, we have

(Σ̂XX − Σ̂XX̃)ij .
(log p)1/2

min
(
n

1−τ1/2
XX , n

1−τ2/2
XY

) ,
where τ1, τ2 ∈ {−∞} ∪ [0, 1].

Then by Holder’s inequality and the union bound, with probability at

least 1− 4/p we have

‖(Σ̂XX − Σ̂XX̃)B∗C∗‖∞ .
(log p)1/2

min
(
n

1−τ1/2
XX , n

1−τ2/2
XY

)‖B∗C∗‖L1 . (S9.35)

Similarly, for the second term
∥∥∥(Σ̂XX − Σ̂XX̃)B∗(C∗ − Ĉ)

∥∥∥
∞

, with prob-

ability at least 1− 4/p we have

‖(Σ̂XX − Σ̂XX̃)B∗(C∗ − Ĉ)‖∞ .
(log p)1/2

min
(
n

1−τ1/2
XX , n

1−τ2/2
XY

)‖B∗‖L1‖δC‖1.

(S9.36)
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Next we focus on the third term ‖Σ̂XεC
∗‖∞. Each entry of the matrix

(Σ̂XεC
∗)ij can be written as α3

nXYij

∑
k∈SXYij

Xki(εkC
∗)j. By Condition A1

and monotone convergence theorem, for any t ∈ R, we have

E
[
exp

(
X2
ki

8L2
1

)]
= E

[
∞∑
l=0

X2l
ki

(4L2
1)
l
l!

1

2l

]
≤

∞∑
l=0

1

2l
= 2.

By Condition A1, the error vectors also follow sub-Gaussian distribution.

Assume E(exp(tu>2 εi)) ≤ exp
(
L2
3‖u2‖22t2

2

)
. Then we have

E
[
exp

(
(εkC

∗)2
j

8L2
3‖C∗j‖2

2

)]
≤ 2.

By Young’s inequality and the simple inequality s2es ≤ e2s for s > 0, we

have

E
[
(Xki(εkC

∗)j|)2 exp

(
|Xki(εkC

∗)j|
8L1L3λmax(C∗)

)]
≤E

[
exp

(
|Xki(εkC

∗)j|
4L1L3λmax(C∗)

)]
≤E

[
exp

(
X2
ki

8L2
1

)
exp

(
(εkC

∗)2
j

8L2
3‖C∗‖2

2

)]
≤1

2

[
E exp

(
X2
ki

8L2
1

)]2

+
1

2

[
E exp

(
(εkC

∗
j)

2

8L2
3‖C∗‖2

2

)]2

≤4.

By Lemma S9.1, let B̄n = 2
√
nXY , t = 1

8L1L3λmax(C∗)
and x =

√
2 log(pq),

we have

maxi,j P

∣∣∣∣∣∣ 1

nXYij

∑
k∈SXYij

(
Xki

(
ε>k C∗

)
j

)∣∣∣∣∣∣ ≥ C1

{
log(pq)

nXY

}1/2
 ≤ 2(pq)−2.

(S9.37)
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where C1 =
√

2
8L1L3λmax(C∗)

+ 8
√

2L1L3λmax(C∗). So with probability at least

1− 2(pq)−1, we can bound the third term by

‖Σ̂XεC
∗‖∞ . C1

{
log(pq)

nXY

}1/2

. (S9.38)

Similarly, for the last term
∥∥∥Σ̂Xε(C

∗ − Ĉ)
∥∥∥
∞

, we have

∥∥∥Σ̂Xε(C
∗ − Ĉ)

∥∥∥
∞

. C2

{
log(pq)

nXY

}1/2

‖δC‖1, (S9.39)

where C2 =
√

2
8L1L3λmin(C∗)−1 + 8

√
2L1L3λmin(C∗)−1.

By (S9.35), (S9.36), (S9.38), (S9.39), with probability at least 1− 4
p
− 4

pq

we have∥∥∥∇B

{
tr[ĈΣ̂YY + B∗ĈB∗>Σ̂XX − 2ĈB∗>Σ̂XY]− log det(Ĉ)

}∥∥∥
∞

.
(log p)1/2

min
(
n

1−τ1/2
XX , n

1−τ2/2
XY

)(‖B∗C∗‖L1 + ‖B∗‖L1‖δC‖1)

+ max {λmax(C∗), 1/λmin(C∗)}
{

log(pq)

nXY

}1/2

(1 + ‖δC‖1).

We remark that, when both X and Y are complete, we can set α1 =

α2 = α3 = 1. Then by (S9.34) we have

∥∥∥∇B

{
tr[ĈΣ̂YY + B∗ĈB∗>Σ̂XX − 2ĈB∗>Σ̂XY]− log det(Ĉ)

}∥∥∥
∞

≤
∥∥∥2C∗>Σ̃Xε

∥∥∥
∞

+
∥∥∥2(C∗ − Ĉ)>Σ̃Xε

∥∥∥
∞
,

where (Σ̃Xε)ij =
∑n

k=1 xkiεkj/n. By (S9.37), with probability at least 1 −
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2(pq)−1, we have

‖C∗>Σ̃Xε‖∞ . C1

{
log(pq)

n

}1/2

,

and

∥∥∥2(C∗ − Ĉ)>Σ̃Xε

∥∥∥
∞

. C2

{
log(pq)

n

}1/2

‖δC‖.

Hence with probability at least 1− 4
p
− 4

pq
we also have

∥∥∥∇B

{
tr[ĈΣ̂YY + B∗ĈB∗>Σ̂XX − 2ĈB∗>Σ̂XY]− log det(Ĉ)

}∥∥∥
∞

.max {λmax(C∗), 1/λmin(C∗)}
{

log(pq)

nXY

}1/2

(1 + ‖δC‖1),

which is the same as stated in Lemma S9.5 if we set τ1 = τ2 = −∞ as both

X and Y are complete.

S10 Numerical study

In this section, we show some additional results of our numerical studies.

The complete results for Example 1 are shown in Table 3. The results for

Example 2 are shown in Table 4. The results for Example 3 are shown in

Table 5.
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S11 Data processing details in the ADNI study

In section 5, we are interested in predicting Mini-Mental State Examination

(MMSE), ADAS1 and ADAS2 in the Alzheimer’s Disease Neuroimaging

Initiative (ADNI) study (Mueller et al., 2005). These scores are commonly

used diagnotic scores of AD. We extract biomarkers from three comple-

mentary data sources: serial magnetic resonance imaging (MRI), positron

emission tomography (PET) and CerebroSpinal Fluid (CSF). Note that, as

Xue and Qu (2021) stated, our sparsity assumption of the proposed method

might not be suitable for raw imaging data or imaging data at small scales

since images have to show some visible atrophy for AD. However, the spar-

sity assumption can still be reasonable for the region of interest (ROI) level

data. Thus, we apply the Multi-DISCOM to the ROI level data in ADNI

instead of the raw data.

We process the image data following the similar procedure as Yu et al.

(2020). For the MRI, after correction, spatial segmentation and registration

steps, we obtain the image for each subject based on the Jacob template

with 93 manually labeled ROIs. For each of the 93 ROIs in the labeled MRI,

we compute the volume of gray matter as a feature. For each PET image,

we first align the PET image to its respective MRI using affine registration.

Then, we calculate the average intensity of every ROI in the PET image as
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a feature. For the CSF modality, five biomarkers were used in this study,

namely amyloid β(Aβ42), CSF total tau (t-tau), tau hyperphosphorylated

at threonine 181 (p-tau), and two tau ratios with respective to Aβ42 (i.e.,

t-tau/Aβ42 and p-tau /Aβ42).
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Method ‖B̂−B∗‖F MSE FPR FNR

ρ = −0.4

Lasso 1.51(0.06) 3.70(0.06) 0.09(0.02) 0.00(0.00)

Imputed-Lasso 1.73(0.06) 3.57(0.06) 0.11(0.01) 0.00(0.00)

MBI 2.10(0.08) 4.26(0.09) 0.12(0.02) 0.11(0.03)

DISCOM 1.44(0.04) 3.56(0.06) 0.05(0.00) 0.05(0.01)

Imputed-MRCE 1.53(0.05) 3.72(0.08) 0.17(0.03) 0.08(0.02)

Multi-DISCOM 1.40(0.04) 3.39(0.08) 0.02(0.01) 0.09(0.02)

ρ = −0.2

Lasso 1.50(0.06) 3.73(0.06) 0.10(0.02) 0.00(0.00)

Imputed-Lasso 1.71(0.06) 3.59(0.06) 0.11(0.01) 0.00(0.00)

MBI 2.15(0.08) 4.25(0.09) 0.12(0.02) 0.11(0.03)

DISCOM 1.43(0.04) 3.52(0.06) 0.05(0.00) 0.05(0.01)

Imputed-MRCE 1.52(0.05) 3.78(0.08) 0.16(0.03) 0.07(0.02)

Multi-DISCOM 1.41(0.04) 3.40(0.08) 0.02(0.01) 0.09(0.02)

ρ = 0

Lasso 1.49(0.06) 3.67(0.06) 0.08(0.02) 0.00(0.00)

Imputed-Lasso 1.71(0.06) 3.55(0.06) 0.10(0.01) 0.00(0.00)

MBI 2.05(0.08) 4.21(0.09) 0.10(0.02) 0.09(0.03)

DISCOM 1.42(0.04) 3.53(0.06) 0.04(0.00) 0.05(0.01)

Imputed-MRCE 1.51(0.05) 3.70(0.08) 0.15(0.03) 0.09(0.02)

Multi-DISCOM 1.42(0.04) 3.43(0.08) 0.03(0.01) 0.10(0.02)

ρ = 0.2

Lasso 1.54(0.06) 3.75(0.06) 0.10(0.02) 0.00(0.00)

Imputed-Lasso 1.74(0.06) 3.59(0.06) 0.13(0.01) 0.00(0.00)

MBI 2.10(0.08) 4.29(0.09) 0.11(0.02) 0.10(0.03)

DISCOM 1.43(0.04) 3.57(0.06) 0.05(0.00) 0.05(0.01)

Imputed-MRCE 1.53(0.05) 3.73(0.08) 0.19(0.03) 0.08(0.02)

Multi-DISCOM 1.41(0.04) 3.42(0.08) 0.04(0.01) 0.07(0.02)

ρ = 0.4

Lasso 1.55(0.06) 3.77(0.06) 0.11(0.02) 0.00(0.00)

Imputed-Lasso 1.75(0.06) 3.61(0.06) 0.13(0.01) 0.00(0.00)

MBI 2.14(0.08) 4.30(0.09) 0.13(0.02) 0.11(0.03)

DISCOM 1.46(0.04) 3.59(0.06) 0.06(0.00) 0.05(0.01)

Imputed-MRCE 1.54(0.05) 3.73(0.08) 0.19(0.03) 0.09(0.02)

Multi-DISCOM 1.43(0.04) 3.44(0.08) 0.04(0.01) 0.07(0.02)

Table 3: Performance comparison of different methods for Example 1 with different ρ’s.

The values in the parentheses are the standard errors of the measures.
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Method ‖B̂−B∗‖F MSE FPR FNR

α = 1

Lasso 1.33(0.08) 2.19(0.06) 0.12(0.02) 0.00(0.00)

Imputed-Lasso 1.44(0.06) 2.28(0.06) 0.15(0.01) 0.00(0.00)

MBI 1.68(0.19) 3.56(0.07) 0.14(0.02) 0.13(0.03)

DISCOM 1.29(0.06) 1.86(0.06) 0.05(0.00) 0.05(0.01)

Imputed-MRCE 1.49(0.05) 2.13(0.08) 0.18(0.03) 0.07(0.02)

Multi-DISCOM 1.26(0.04) 1.77(0.09) 0.03(0.02) 0.07(0.01)

α = 3

Lasso 1.51(0.06) 3.70(0.06) 0.09(0.02) 0.00(0.00)

Imputed-Lasso 1.73(0.06) 3.57(0.06) 0.11(0.01) 0.00(0.00)

MBI 2.10(0.08) 4.26(0.09) 0.12(0.02) 0.11(0.03)

DISCOM 1.44(0.04) 3.56(0.06) 0.05(0.00) 0.05(0.01)

Imputed-MRCE 1.53(0.05) 3.72(0.08) 0.17(0.03) 0.08(0.02)

Multi-DISCOM 1.40(0.04) 3.39(0.08) 0.02(0.01) 0.09(0.02)

α = 5

Lasso 1.81(0.06) 5.70(0.06) 0.11(0.02) 0.01(0.00)

Imputed-Lasso 1.89(0.06) 5.77(0.06) 0.15(0.01) 0.01(0.00)

MBI 2.37(0.10) 5.95(0.12) 0.15(0.03) 0.12(0.02)

DISCOM 1.71(0.04) 5.41(0.08) 0.06(0.02) 0.07(0.01)

Imputed-MRCE 1.93(0.05) 5.66(0.09) 0.18(0.03) 0.10(0.02)

Multi-DISCOM 1.64(0.05) 5.19(0.12) 0.04(0.03) 0.10(0.02)

Table 4: Performance comparison of different methods for Example 2 with different

signal-to-noise ratios. The values in the parentheses are the standard errors of the

measures.
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Imputed-MRCE 1.55(0.05) 3.74(0.08) 0.18(0.03) 0.08(0.02)

Multi-DISCOM 1.41(0.04) 3.42(0.08) 0.03(0.01) 0.09(0.02)

Table 5: Performance comparison of different methods for Example 3 with heavy-tailed

error. The values in the parentheses are the standard errors of the measures.
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